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I. Introduction
A. History

The quantitative study of interactions between molecules,
alike or unlike, is difficult at best; this becomes increasingly true
as the reactants are larger in size and compiexity. The available
techniques are usually transport methods or equilibrium meth-
ods. Of the former, those most commonly used are sedimenta-
tion transport, electrophoresis, and chromatography. Employed
largely with rapidly equilibrating systems, their application has
been considered at some length in recent monographs by Cann'
and by Nichol and Winzor.2 Quantitative information about the
stoichiometry and equilibrium constant of self-association re-
actions is here obtained from the concentration dependence of
the weight- and z-average velocities or elution volumes.

Actually, the recognition that many proteins are made up of
subunits, and that some may self-associate, has depended
largely upon accurate molecular weight determinations. The
subject may be said to have begun with the ultracentrifugal
analysis of hemoglobin and some of the hemocyanins in the
1920's,? the osmotic pressure investigations of hemoglobin,*
and the conclusions of MoodyS and Gutfreund® about the subunit
structure of insulin, first from experiments with the ultracentri-
fuge and then with the osmometer.

However, these early researches were not designed to provide
information about the various reaction mechanisms and corre-
sponding energy relationships; this phase of the subject began
with Tiselius.” His contribution was a theoretical thermodynamic
treatment of rapidly reversible self-association reactions at
sedimentation equilibrium; the analysis was restricted to mo-
nomer-dimer self-associations which take place in thermody-
namically ideal systems.

As far as we are aware there was no attempt to broaden his
teachings and to expand the subject until Squire and Li® per-
formed sedimentation equilibrium experiments to elucidate the
state of aggregation of ovine pituitary ACTH in acid and base
solutions. Shortly thereafter, the general subject began a period



660 Chemical Reviews, 1977, Vol. 77, No. 5

of rapid elaboration. '‘The development of methods to study a
wide variety of systems was pioneered by Adams, Fujita, and
Williams and the theory has been extensively expanded by
Adams and co-workers.” © In more recent years both theory and
practice have been augmented in a number of more sophisti-
cated ways. In this account it is some salient features of a subject
as it now stands (1976) that we have attempted to portray.

Associating systems are conveniently divided into self-as-
sociation systems (e.g., monomer—dimer equilibrium of a simple
species; association of a monomer into a number of higher
molecular weight polymeric aggregates) and mixed associations.
As a class the latter group contains some of the most interesting
cases, such as the formation of RNA polymerase, the reaction
of antigen and antibody, and the combination of enzyme with
substrate. However, the former group is not without its own
significant examples, for instance, /ac repressor, A repressor,
T4-gene 32 protein, hemocyanin structures, and many others.
Such systems are far easier to treat in a theoretical way, and this
report is limited to considerations of their analysis.

With certain simplifying assumptions, it has become possible
to make use of observations of the combined sedimentation and
chemical equilibrium data for a self-associating system to de-
termine a stoichiometry and compute the reaction association
constant for the reaction which is involved, provided that there
is no volume change in the reaction during the ultracentrifugation
process (or provided the molar volume change is known and
suitable correction has been made).

In general a self-association may be suspected when the
apparent molecular weights for the solute increase as a con-
tinuous function of increasing concentration for several different
initial concentrations; it is an increase which can be readily
differentiated from the behavior in the ultracentrifuge cell of a
polydisperse system such as an organic high polymer. In some
cases the form of apparent average molecular weight vs. con-
centration curve gives a clue to the actual reaction mechanism,
while in others it becomes necessary to select a model which
requires the specification of the number of parameters and to
compute them for comparison with the experimental observa-
tions. [t is important not to select more parameters for repre-
senting the data than are justified by the experimental errors,
after the solution nonideality has been adequately taken into
account. A priori knowledge of the mechanism in lieu of model
is, of course, highly advantageous for the evaluation of the as-
sociation constants.

B. Plan for the Text

The study of the self-association processes between mole-
cules has long been a popular one, so that in an article of this
type there must be a restriction in coverage. Indeed, one could
hardly make reference to all of the literature articles which de-
scribe some phase of the subject. A considerable portion of the
recent progress, especially as it pertains to molecules of bio-
logical interest, has been achieved through the use of the sedi-
mentation equilibrium experiment, and our remarks will be re-
stricted to a description, both of the fundamental theory and its
application in the continuing growth of knowledge of the
mechanisms of these reactions. Even with this restriction it is
difficult to avoid some arbitrariness in the choice of material.

There are several logical routes by which one may outline and
describe the basic mathematical theory. We have selected what
appears to us to be the most general route to this end, arranging
matters so that working equations for the interpretation of the
data in monomer—dimer, monomer-dimer-trimer . . . , mono-
mer-n-mer, and isodesmic reaction processes can be taken
from a single overall mathematical statement. This plan makes
it unnecessary to provide an isolated description for the isod-
esmic case, which has been a common procedure. For the ac-
tual analysis of the data section, however, we shall write more
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in terms of a methodological argument, separating the de-
scription of the procedures into diagnostic plots and analytical
treatments of both the ideal and nonideal systems.

Following this introductory chapter there is presented a de-
scription of the fundamental theory of the sedimentation equi-
librium itself and of the necessary modifications required for the
application to the self-association reaction. The third chapter
provides information about the various methods by which the
data for the combined sedimentation and chemical equilibrium
are analyzed. A description of the complications and of the
auxiliary data forms the subject matter of section IV. it is followed
by a record of tests, with actual experimental data, of the several
computational methods which have been described. In con-
cluding chapters the question of the thermodynamic interpre-
tation of the equilibrium constants is briefly treated and some
general interpretations are attempted.

C. List of Symbols

¢ concentration on volume-based scales,
usually g/100 mL, but also g/mL
co original concentration in cell
¢; concentration of the ith component
¢, concentration of oligomer
¢y concentration of monomer
¢, total concentration at radial distance r
C, concentration of equilibrium mixture at
meniscus
¢, concentration of equilibrium mixture at cell
bottom
C; concentration, mole basis, of species i
f; weight fraction of species i in the cell
g amount of constituent { in cell
k' cell thickness, paraliel to the axis of
revolution
k self-association constant, isodesmic
reaction
k; self-association constant, dimerization,
trimerization, etc. (units: dL/g).
n refractive index
r arbitrary radial distance along the cell
column
radial position at the meniscus (or a)
radial position at the bottom of the cell (or b)
arbitrary cell positions
time
partial specific volume of a solute in the
solution
activity coefficient of the &h species
valence of an ion or macroion
factor (1 — Vp)w?2/RT
A’ factor (1 — Vp)w?/2RT
species containing i monomers: (i = 1, ...,
n)
second virial coefficient (or Bs, etc.)
Gibbs free energy per mole; AG°® =
standard Gibbs free energy change,
species |
ionic strength
self-association constant, isodesmic
reaction (units: liter/mole)
Knm self-association constant for discrete
reactions, molar basis
M molecular weight
M; monomer molecular weight
M., M3, ..., molecular weight of dimer, trimer, . . .,
M,, etc. n-mer
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M, number-average molecular weight over the
cell

M, weight-average molecular weight over the
cell

M, z-average molecular weight over the cell

Mac). Muc,,  Doint average molecular weights
M), etc. corresponding to a radial distance where
the concentration is ¢, ideal solutions
Moy Mac  @pparent values of same in nonideal
M) etc. solutions
P pressure
R molar gas constant; refractive index
increment
Ra A’f\a‘z(c)/ M1
V cell volume
V partial molal volume
6 small increment
n defined function for extension of two-
species plot to nonideal systems
A (1 - \_/2[))(1.)2(rb2 - ra"’)/2RT

{i; chemical potential, per mole of the ith
species
u; chemical potential, weight per volume scale
u; total potential, weight per volume scale
p density of solution, g/cm?3
p1 density of solvent
po density of dialyzed solvent
(dp/dc), density increment at fixed chemical potential
of diffusible compounds
constant of integration
Adams computation function
angular velocity, radians per second
defined function for extension of two-
species plot to nonideal system
sector angle, ultracentrifuge cell
product
sum
measure of goodness of fit, Visser et al.
Milthorpe et al. function

~ & &

oM

Il. Thermodynamic Preconsiderations: Basic
Equations

A. Thermodynamics of Self-Association
1. Equations Describing Chemical Equilibrium

In general, a self-association reaction may be expressed in
either of two equivalent forms:

A1 + A1 == A2
A1 + A2 E A3
: : : (M-1)
Ay + Ay == A
A1 + An—1
or
2A, == A,
BA, == A,
: : (II-2)
iA, A,

nA,

!
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Herein we have not specified how many species are in equilib-
rium with each other, nor need the upper limit, n, be finite. In
these outlines A represents the monomer, A, is the dimer, etc.
At present, the term ‘monomer” is taken to mean the lowest
molecular weight species which participates in the equilibria
under consideration; however, there are additional consider-
ations, which are discussed in section IV.

Corresponding to the two ways of expressing the association
reactions, there are two relationships relating the chemical
potentials of the species in equilibrium. For reactions written
as in (ll-1), one has

Bt Ry = (1-3)

and for reactions expressed as in (lI-2), the relationship is

iy = (11-4)
The quantities {i; are the chemical potentials per mole of the th
species, and they are related to the molar concentrations C; by

the expression

}‘:L,‘ = [L,’O + RTIn a = [:L,'o + RTIn y,'C,' (“-5)

Here ji,° is the chemical potential per mole of the ith species
in its standard state, R is the gas constant, T is the absoiute
temperature, and y; is the activity coefficient.

The free energy change for the ith reaction listed by eq II-1
is given by

Ci Yi
CiCli—1y YiYi~1)

(11-6)

where AG,°’is the standard free energy increment for associ-
ation.

Now the equilibrium constant, K(;— 1), for this reaction is de-
fined as

—AG® = i+ By’ — 2% =RTin

Ci i
C1Cli—1) Y1¥ii—1)

K(,'—1),' = ("-7)

and thus
—AG,'°/= RTIn K(,'-1)[ (1-8)

Corresponding expressions can be obtained when the alternative
description (eq 1I-2) is used:
—AG® = RTIn (Cyyi/ Cy'yy)) (1-9)
or
—AG® = RTInK; (1-10)

where AG,° is the standard Gibbs free energy change of asso-
ciation for (11-2). The equilibrium constant for this description of
the self-association now takes the form

Ki = Ciyi/ C1'y+’ {I-11)
Comparison of eq 1I-7 and II-11 indicates that
Kj = K12K23 Ce K(,‘_1),' (”-12)

Since the sets II-1 and 1I-2 are equivalent descriptions of the
equilibrium system, stipulation of either the set of K{,—1); or the
set of K; suffices to describe the equilibrium,

Often the concentration of solutes in the ultracentrifuge cell
is determined on a mass per volume basis rather than on the
molar basis, and it is useful to have expressions in this con-
centration scale. The development given so far may be repeated
for this case, and we obtain the equilibrium constants for reaction
1{eqll-1).

Ci Yi
C1C(i—1) Y1 i—1)

K= 1yi = (1I-13)
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and for reaction 2 (eq lI-2)
ki = ciyil ei'yy’ (-14)

In these expressions ¢; is the concentration of ith species in
g/dL. We may then write

k,' = k12k23 e k(,'._1)/ (”-15)
The relation between K; and k; is given by
My -1
Ki = ki <——~> I-16
1 ! ,,‘ 10 ( )

The determination of the equilibrium (or association) constants
by using eq lI-14 is very difficult because of the activity coeffi-
cient, y;, which is concentration dependent. If we restrict our-
selves to dilute solutions of neutral species In y; (i.e., the loga-
rithm of the activity of species i—not of the component) can be
expanded’-'2 in a power series in terms of total concentration,
¢. Making use only of the first of these terms, we have

Iny; = BiMc (I-17)
where M, is the molecular weight of species /, and B; is the
second virial coefficient for that species. if it is assumed that
there is a single virial coefficient common to all species

B =8B (i=1,2,..)) (1-17a)
then one obtains

Iny; = iBMyc (1I-18)
This is really an approximation which has come into widespread
use because it leads to computational convenience while still
providing an adequate description of the solution nonideality.
Ogston and Winzor'® have examined the validity of this proce-
dure at some length and find it justified.

In the treatment of the data presently available, it has been
possible to account for the experimental observations in any
given situation in terms of either equilibrium constants alone (k;)
or with sets of two quantities: equilibrium constants and a second
virial coefficient (k;, BM;). It is true that with inclusion of a third
virial coefficient in nonideal situations a better fit may be
achieved; in other words, whether the concurrence is considered
to be sufficient depends upon the criteria used. In the interest
of simplification of the equations we shall ordinarily omit any
term in the third virial coefficient. When eq 1I-18 is introduced
into eq il-14

K = c,v'exp[l%(ch +...] = o/c,
ci'exp[iMy(Bc + .. )]
Thus, in so far as In y; can be expressed in terms of virial coef-
ficients as indicated in eq Il-18, the equilibrium constants be-
come simple ratios of concentrations. Likewise

K = C,'/C1i

(II-19)

(11-20)

2. Relations between the Equilibrium Constants, the
Total Concentration, and Weight-Average Molecular
Weight

The primary data from the analytical ultracentrifuge are di-
rectly related to the concentration, ¢, as a function of radius, r.
The molecular weight average most easily calculated from these
data is the weight-average molecular weight M), where it is
explicitly indicated that the weight-average molecular weight
will be concentration dependent. When convention II-2 is used,
from eq 1-19, the concentration can be written as a power series
in the variable ¢4, the concentration of monomer:

n
c=Y kcy (I-21)
i=1

Kim, Deonier, and Willlams

where we have made the formal definition k, = 1. The upper
limit n need not be finite.
The weight-average molecular weight is defined

n o.M
My = 3 2 (1-22)
i=1 C
which can be combined with eq 11-19 to yield
n
Mua - $ e (11-23)

Equation 1I-23 is like 1I-21, except for the coefficient of the terms
¢1'. Both of these expressions provide a general description for
cM,,c) for any self-association. There are special cases to be
noted, and in terms of eq lI-21, they can be stated in terms of
conditions on the k;.

a. k; = 0for ali i > 1 except when i = n. The resulting ex-
pression for ¢ contains two terms, one for monomer and one for
n-mer. This is the monomer-n-mer case, which includes the
monomer—dimer when n = 2.

b. ki > 0when 1< i< m; k;=0when i> m, where mis
some integer. This is the condition for the discrete self-associ-
ations—those which have a finite number of species in equi-
librium with each other. The monomer-dimer reaction is a
special case of this one. The monomer—dimer-trimer would be
the simplest example involving more than two species.

¢. Returning to the mole per liter scale, and using eq II-1, we
could consider the case

K=Ki=Kyp=...= ’((,'_1),' (“-24)

Such a condition implies a constant free energy increment for
each successive step of the association reaction (see eq [I-8).
This is the indefinite or isodesmic self-association.#-17 If the
monomer has two independent sites for the association, the
reaction may proceed indefinitely, leading to very large linear
or helical aggregates depending on the relative orientation of
these sites. Thermodynamically, this situation corresponds to
equal increments of free energy for the addition of one more
monomer to any i-mer. The principle of equal reactivity, inde-
pendent of molecular size, is again involved, just as it was by
Kuhn and Flory in their analyses of random degradations and
polymerizations, respectively, for the organic high polymer
systems.
When eq 1I-24 applies, it is easy to see that

C,‘ = C1iK(i_1)

When the concentrations are expressed in g/dL, eq II-25 be-
comes

(II-25)

¢ = iki=Neyf (-26)

The quantity k = 10K/M, is called the intrinsic equilibrium
constant. The above expression states that for the indefinite or
isodesmic case, k; = ik~ 1; eq lI-21 then is written

c=c¢+ 2kc?+ 3k?2¢c3+ ... (-27)

If kc1 > 1, eq I1-27 is a diverging function which favors infinitely
large aggregates. This will lead to precipitation of the aggregates,
as shown by glutamic dehydrogenase at high concentrations.'®
Thus our interest is only with the case where kc; < 1 and under
this condition eq [1-27 takes the form

c=c/(1— key)? (11-28)
B. Self-Association Reactions in the
Ultracentrifuge: Sedimentation Equilibrium

In the previous section we have laid the thermodynamic
groundwork and have related the equilibrium constants to the
concentration and the true, weight-average molecular weight. .
The solution nonideality was represented in a form which cancels
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in the relations for the equilibrium constants of the various
species {see eq II-19). In this section we consider chemical
equilibrium in the presence of the applied centrifugal field, and
obtain relationships between the observed quantities (which
allow calculation of the apparent weight-average molecular
weight, M) and the true weight-average molecular weight,
M, o). It will be seen that solution nonideality still must be taken
into account, even when the nonideality terms in [I-19 cancel.

The basic set of conditions for the sedimentation equilibrium
in the ultracentrifuge is given by19-21

di; — Mw?rdr=10 (I1-29)

where w is the angular velocity and r is the radial distance from
the center of the rotor. Here we assume that the self-associating
material has been thoroughly dialyzed against simple electrolyte
solution and that the partial specific volume and refractive index
derivatives have been measured according to the methods
suggested by Casassa and Eisenberg?? so that the system an-
swers the description pseudo-two-component solution. It is also
assumed that the rotor speed is sufficiently low that no effective
sedimentation of the electrolytes takes place during the per-
formance of the experiments.

When the chemical potential of species i is expressed on the
gram basis, we have

i = p®+ (RT/My) In yc; (11-30)

With it, the condition for sedimentation equilibrium is now written
as

du; — w?rdr=20 (-31)

For the monomer species eq II-31 becomes

duy = w2rdr (1-32)

As indicated by eq II-3 and II-4, the chemical potentials of all
other species are either related to the monomer or to each other.
Following the analysis of Adams and Fujita,® we obtain

al.t1> deq <au1> drP
- —+ (= — = w? I-33
<bc1 pT dr OP/ 1cdr wsr ( )
where P is the pressure. From this equation
n a#1> dCi] dey 5 - .
— — == 1- I1-34
[:; <bc, P,T,c,dC1 dr ¢ r( Vp) (I * j) ( )

in which v is the partial specific volume of the solute and p is the
density of the solution. It is generally assumed that these quan-
tities are independent of concentration. By the combination of
eq II-18, eq 11-30, and eq 1I-34 there is obtained

n N
[(1 +oBMi+ .. )Y ic—'] 91 _ aMyerr (1-35)
=1 dcq dr
where
A= (1 — Vp)/RT (11-36)
or
dl d
MO+ BM +.. )% = amyr (11-37)
dr dr

The apparent weight-average molecular weight is defined by the
statement

M., = (1/Acridc/dr) (11-38)
thus, from eq II-37 and eq 11-38
My dlin ¢4
—=—+4+BMc+... 1i-39
My dinc e (1-39)

From eq ll-21 one can obtain
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My(c)x10—3

675 100
C (g/dl)

Figure 1. The apparent weight-average molecular weight of 3-lacto-
globulin B in solution at pH 2.64, / = 0.16, plotted against concentration.
Upper curve, at 15 °C; lower curve, at 25 °C. Reproduced from Visser
et al.28

(1]
de/deqy = Z I.k,'C1i_1

i=1

(1I-40)
And from the definition of weight-average molecular weight

n n . n i
Mue) = i; cM/c= 3 ikiC§M1/ :=Z1 kici!  (I-41)

i=1

we write
Mi/Myy = cdci/cyde=dlincy/dInc (11-42)
Introduction of eq 11-42 into eq -39 gives
M o M BMic+ ... (11-43)
Mo Mg

As has been demonstrated here eq I1-43 is a general expression,
regardless of the number of species in equilibrium. When applied
to the ideal isodesmic reaction, eq 1-28 and 11-42 now give

Mi/Myey = (1 — ke)/ (1 + keq) (ke < 1) (ll-44)

Since M, is a function of total concentration only, it follows
that M., is a unique function of ¢ for every type of stoichiometry.
This, in turn, means that the M, vs. ¢ curves from different
sedimentation equilibrium experiments, obtained by using dif-
ferent initial concentrations and rotor speeds, should lie on a
single smooth curve. Such behavior is clearly indicated by the
data for the self-association of 3-lactoglobulin B in acid solution
obtained by Visser et al.?3 (cf. Figure 1).

The uniqueness of this situation arises from the nature of the
chemical reaction; the amount of each species in a given self-
association system is determined only by the total concentration
if Tis constant and the equilibrium is not sensitive to pressure.
It should be noticed that this behavior is different from that of
polydisperse systems such as the synthetic organic high poly-
mers. Although the expression for the apparent molecular weight
for such systems is formally similar to that which describes the
equilibrium behavior in the self-associating systems (see, for
example, eq 12-1 of Chapter V, ref 21), this equation contains
terms for the initial concentration and the rotor speed. It is also
of the same form as the equation which gives the apparent
weight average for the homogeneous, nonideal system. Thus,
the apparent molecular weight of a polydisperse system at a
given value of ¢ depends on the initial loading concentration as
well as on the angular velocity of rotor.

Since eq 11-43 depends only on total concentration, other
methods which provide apparent weight-average molecular
weight vs. ¢ data can be analyzed in the same way. That this is
the case may be seen from the expression descriptive of the light
scattering (eq 4 of Townend and Timasheff24). A single sedi-
mentation equilibrium experiment is thus equivalent to a large
number of light-scattering experiments, each with different initial
concentrations.
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C. Quantities Derived from Experimental Data for
M::(c)

Several additional quantities descriptive of self-associating
systems may be derived from the Mg, vs. ¢ data. We start with
the apparent number-average molecular weights, My;.2® From
eq 11-43

c [
ﬁ (M1/m(c)) de = j; (M‘]/MW(C)) dc

+ BMc?/2+ ... (lI-45)

From eq |I-21 and I-42

c c n .
j; (M1/ Myc) dc = J; (clcy)dey = 3 (kicy/ D)

i=1
(11-46)

The number-average molecular weight, M., is defined as

M) = ¢ ,-=£1 (ci/M) = Myc ’; (kch/)  (Il-47)
and
M/ My = _i (kic1i/) (Il-48)
From eq 11-45, 11-46, and 1i-48, one then obtains
(1/0) ﬁc(MdMa(c))dc = Mi/Mue) + BMici2 + . ..
(Il-49)
If we define
My/Me, = (1/0) J;c [My/Me] de (11-50)
then from eq [1-49, we have the desired resuit.25
MM = My/Myoy + BMic/2+ ... (I51)

For the isodesmic reactions, combination of eq lI-44, I-46, and
11-48 gives
My/ Moy = 1 = kcy (11-52)
The z-average molecular weight for an ideal system, M),
is defined as

n n n
M) = 21 aM? [ 2 oM = 21 M2/ cMuc)
i= i=

=1
n . n .
=3 i2kciMy2 / S ikciMy  (II-53)
=1 i=1
It is evaluated by using the Wales recursion formula.2¢

Mz(c) =d [CMw(c)] /de

Adams and Filmer?” obtained the relationship between M, and
its apparent value, My, viz.

M = dlcMag]/de (11-55)

The operation required is the substitution of eq 11-43 into eq
II-55. Then

(11-54)

A’f;(c) = Z(C)/[1 + BMw(c)c]2

Theoretically, it is possible to obtain relations similar to eq
II-56 from the z + 1, z + 2, etc., average molecular weights,
again by using the Wales recursion formula. However, these
values involve the second and third derivatives of M, and their
numerical accuracies are probably too low to warrant their
present practical application.

In seeking another experimental quantity, Adams?? has de-
fined a function

(1-56)
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—1# = (1/2M12) d[CMw(c)]z/dC = CMw(c)Mz(c)/M12
n n
= Z C/MZ/M12 = Z i2k,'C1i ("-57)
=1 i=1
Again assuming that only the second virial coefficient is in-
volved

diMy/ M llde = —MiMe/ [ M2 =
n , n ,
_M1Mz(c)/[CMw(c)]2 = = 21 izk,'C1’ 21 (ik,'C1’)3 (”-58)
i= i=

This equation may be rearranged to give

n 3 n
(z ik,-c1"> diM/eMelide = Y Pkiey’  (11-59)
i=1 =1
Then, combination of eq ll-41, 11-43, and iI-59 yields
[diM:/ cMiycirde]/ [(Mi/ cMyy) = BMi]® = ¢ (11-60)

For the isodesmic reactions, eq 1I-26 may be introduced into
eq l1-57 to obtain

-y =3 PBkiTley = e4(1 + dkey + k2¢42)/(1 — key)?
=1

{1-61)
which, upon substitution of eq 1I-28, becomes
—y = ¢(1 + 4kecy + kPc4?)/(1 — key)?

In connection with a study of the actual data for selected
protein self-association systems (cf. section V), the question of
the added value derived from incorporating into the analysis
molecular weight averages other than the weight average, and
based on the same c vs. r data, will be considered.

Apparent weight-average molecular weight and other ex-
perimental quantities derived from it are all functions of the
equilibrium constants, the virial coefficient, the monomer con-
centration, and the total concentration (eq II-43, 1I-51, 1I-56, and
[I-60). A relationship between the monomer concentration, the
total concentration, and the virial coefficients, which may be
used to reduce by one the number of unknown parameters in the
equations cited above, is now derived. If we define

(1-62)

fi=rcq/c (11-63)
Then
dey = fide + cdfy (11-64)
From eq il-42
dcqy/ci = Mide/ eMy e (1-65)

Combination of eq 1I-63, 11-64, and I-65 and integration gives

c
In f, = f [(M/Myie) — 1] de/c (11-66)
0
This equation was first derived by Steiner;?8 it assumed solution
ideality. Adams and Williams'! extended this treatment to include
the virial coefficient, defining the apparent monomer weight
fraction, f42, by

[}

In f@ = j; (M /M) — 1] de/e (I-67)

Introduction of eq 11-43 into this equation gives

(o}
In f2 = fc<ﬂ— 1) doy f BM dc+ ...
0 Mw(c) Cc 0
(11-68)
and

Inf@=iInfi+ BMic+... (11-69)



Self-Association Reactions by Equilibrium Ultracentrifugation

or

f2 = fiexp(BMic+ .. .) (11-70)

Thus, if the value of f;2 is known experimentally, it is possible
to obtain the monomer concentration ¢4 from the expression

¢y = fic= ciexp(—BMic— .. .) (n-71)
where cf is its apparent value and expressed as
i = f2¢c (I-72)

D. Expressions for the Total Concentration as a
Function of the Radial Distance

As was pointed out by Haschemeyer and Bowers,?° an
equation equivalent to eq 1I-35 for the / species may be inte-
grated for ¢ from a reference point in the cell, e.g., the position
of the meniscus a, to an arbitrary point r, to obtain for the species
i
S -73)

Ci = Cia eXpli[ A'My(r? — r?) — BMy(c — ca) —

where
Al=A/2 (11-74)
The total concentration may then be expressed as
n
c =2 cipexpli[ AM(r? — r?)
i=1
—BMic—ca)—...]} (I-75)

which is the same as the expression used by Holladay and So-
phianopoulos.®' It is an extended form of a basic equation which
has had a long history.

Substitution of eq 1I-19 into eq 1I-75 yields

n
c =2 kicta' explil A'M(r? — r.?)
=1

—BMi(c—ci)— ...} (I1-76)

For the isodesmic reactions, introduction of eq I-73 into eq
II-28 gives
Cia €XP[AMy(r2 — r,2) — BMy(c — cJ) — . . ]
{[1— kcia exp[A'M(r2 — r2) — BMy(c — cg) — .. ]
(-77)

Cc=

Sometimes it is more convenient to express the concentration
of each species in the cell with reference to the initial total
concentration, ¢, rather than to the concentration at the me-
niscus. Integration of eq 11-37 now yields®2

= &/ expli[—M;AE — BMs(co— ¢) — .. .]}

where b is the bottom of the cell, ®' are integration constants
which are to be determined, and

(-78)

= (A/2)(b% — a?) (11-79)
£ = (b2 — r3)/ (b2 — a?) (11-80)
The integration constants may generally be related by
1
= Xn: ¢’ = Zn: ‘I’i‘ﬁ expli[—M;\E
i=1 i=1
— BMy(co—c)—...]}dE (lI-81)

where ¢,° is the concentration of the 7 species in the original
solution. The evaluation of the integration constant for the
nonideal systems and even for ideal systems of many species
is, however, exceedingly complicated. For the simple ideal
monomer—dimer case, the integration constant obtained from
eq 11-81 has the form32
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_ 1
T 14 exp(—M;\)
1+ exp(—M1}\)> 0 ]1/2 3 ] )
X |[ 2M;\ <——1 ooy et 1 (I-82)

Reinhardt and Squire,33 in their analysis of the sedimentation
equilibrium data of ovine interstitial cell-stimulating hormone,
employed the equation of Rinde
¢i'AM, —MA
o = SEAM exp(—MA§) (11-83)
1 — exp(—~M\)

However, this treatment is based on the assumption that the
mass-conservation statement given below remains valid in ap-
plication to the evaluation of the data for a self-association

system.34
2 b
a

Actually, it is the mass of the component that is conserved—not
the masses of the individual species. The statement should
therefore be

2 J‘b
b2 — a2 a

Ill. Analysis of Data for Self-Associating Systems
A. General Considerations

0= cirdr

(ll-84a)

The quantities which are the goals of the analysis of a self-
associating system are the equilibrium constants k;, the mo-
nomer molecular weight (if it is not known independently), and
also a quantitative measure of the influence of the solution
nonideality. Knowledge of the collection of the k; provides a
description of the reaction stoichiometry. For example, if for
some systemone knewthat k; # O,and ks =k, =... =k =

. = 0, he would then conclude that there was a monomer-
dimer reaction occurring in that system. The reliability of the
parameters obtained from data analysis will depend on the
precision of the experiment. Data may be sufficiently imprecise
to permit equally good fit of the data by more than one mecha-
nism, and in later sections, we will show examples of such
cases.

There are a number of quantities that are used for data anal-
ysis. The more common ones are the concentration, various
point molecular weight averages, and the radial position in the
cell. Both the Rayleigh interference system and the absorption
optical system provide data that are directly related to solute
concentration as a function of radius. Mathematical treatment
of the ¢ vs. r data may provide the apparent molecular weight
averages, which furnish an immediate impression of the nature
of the self-association process. In this section we seek to show
how such experimental quantities can be analyzed to obtain
reaction equilibrium constants and to describe the stoichiometry
for several types of protein associations.

There are a number of ways for organizing the discussion of
this topic. One might focus attention on the type of self-asso-
ciation process. For example, one could divide the seif-asso-
ciation reactions into two categories: discrete reactions, in which
the reaction proceeds to form a finite number of oligomeric
species, and into indefinite or isodesmic reactions. An alternative
and mathematically reasonable way of separating self-associ-
ations into categories is by the number of parameters required
to describe the reaction processes. Physical reasoning suggests
that, in general, a term involving BM; should be included. Two-
parameter representations (assuming that M, is known) then
have only one k; (i.e., k) to be assigned. Falling into this category
are the monomer-n-mer reactions (with monomer—dimer as a
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Figure 2. Standard plot of M)/ My vs. f; for monomer-n-mer asso-
ciation reaction. From Chun and Kim,38

special case) and the indefinite self-association.

Instead we categorize the procedures according to the type
of independent variable used in the analysis. We first discuss
diagnostic plots, in which functions of molecular weight averages
or of f; are plotted to determine the number and the nature of
species present. Secondly, we consider the types of analysis
in which the radius r is taken as the independent variable, so that
the association constants (and virial coefficients) are evaluated
from the total solute concentration as a function of r. Finally, we
discuss methods in which analysis is based on data for molecular
weight averages as functions of total concentration c¢. In all three
cases, we discuss the special case of ideal systems separately,
since the analysis for them helps one to visualize the manipu-
lative steps. In so doing, we do not advocate calculations based
on the assumption that the system behaves ideally. On the
contrary, in the absence of independent data which suggest ideal
behavior, we believe that the system should be assumed to be
nonideal.

B. Diagnostic Plots

Diagnostic plots are used to determine the stoichiometry of
a self-association system by appropriate graphing of combina-
tions of two or more of the several point average molecular
weights or by using graphs of the ¢ vs. r data. In the past, the
practical application of the diagnostic plot to two or three species
systems had been largely restricted to ideal solutions. However,
even in the case of data for nonideal systems there are now
procedures by which correction for, or avoidance of, this solution
nonideality may make it possible to employ the diagnostic plot
for any arbitrary self-associaton reaction. This provides a much
simplified treatment of the data. (Even so, it would be of great
advantage to be able to have information concerning the activity
coefficients in advance of the analysis.)

1. Ideal Systems
A basic premise of the diagnostic plot for an ideal system is

that the experimental quantities (in this instance, average mo-
lecular weights) can be expressed as simple functions of the
weight fractions, f;, of the species present. By definition

(£r=1)

fi=c¢lc (l1-1)

Kim, Deonier, and Williams

where i represents the number of monomers present in any
arbitrary species. Thus from eq Il-41, I-47, and 1I-53, we ob-
tain

I
M/ My = 3 if;

i=

(I1-2)

n
Mi/Mue)= 2 £l (I-3)
i=1
and

n
MyeyMuc/ M2 = 3 i2f;

i=

(Ili-4)

It should be remembered that f; is an experimental quantity.
Thus, if all the f; except f; can be eliminated by a suitable
combination of the above equations, it is possible to relate these
experimental quantities with the /and thus to evaluate them. This
is the basis of the diagnostic plot for ideal two component sys-
tems. The plot which has been devised was developed inde-
pendently by Sophianopoulos and Van Holde3® and by Elias and
Bareiss.'4 The use of such plots has been extended and elabo-
rated, for instance, by Roark and Yphantis,3¢ Teller et al.,%” and
Chun and Kim.38

For those systems where the monomer associates to form
n-mer, with negligible concentration of intermediate species,
eq llI-2 and I1I-3 become

Moy M1 = n— (n— 1)f; (I11-5)

and

Mi/Myey = 1/n+ (1= 1/n)fy (11-6)

Thus plots of My,cy/ M vs. f; and of My/ M, vs. f1 should give
straight lines and, from either, the slope or the intercept of these
lines determines the value of n. An example of the use of such
plots is given in Figure 2. If the value of M, is not known, plots
of My vs. fyand of 1/My) vs. fy should also give straight lines
and from the slopes and intercepts of these lines the values of
n and M; may be also obtained.

It is also possible to combine eq ll-5 and 1il-6 to eliminate f,
to obtain

Mue/ M1 = (1 + n) — nMy/ Myq) (H-7)

from which the values of n and M, may be obtained as before.
Here a plot of M)/ My vs. My/ My is similar to that of M)/ M,
vs. fy. Equation -5 may be also combined with eq lll-4 (for the
monomer-n-mer case) to obtain an expression very similar to
eq llI-7. In general form this equation may be written3¢

A/f,'(c)/M1 =14+ n— n(M1/M(,-_1)(C)) (|||-8)

where /W/'(c) = Mn(c)v Mw(c), Mz(c)v M(z+1)(c) as j =0,1,2, 3, re-
spectively. Equation I1I-8 suggests that for a monomer—n-mer
reaction, all of the plots for Mz 1yc) vS. 1/My(c), My v8. 1/ My
and My vs. 1/ My should superimpose (see Figure 8 of ref
36).

If there is an intermediate species, m, between that of the
monomer and the n-mer present, the experimental points should
initially lie on the monomer—m-mer line, curve upward, and at
higher concentration approach the monomer-n-mer line (see
Figure 10 of ref 37.)

For the three-species system where monomer, m-mer, and
n-mer are at equilibrium, we obtain from eq lii-2-4

Mw(c)/M1 =f + mf, + nf,
M1/Mn(c) =f + fm/m+ f./n

(I-9)
(1-10)
and

MuioMacy/ Mi2 = f; + mf,, + n2f, (11-11)

The quantity f; can be eliminated by using the identity
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fi+f,+f,=1 (NI-12)
Then
MaeyMucyMze) — (1 + m + nMiMy oMo
+(m+n+ mn)M12Mn(c) + fmnM) =0 (lll-13)

where {m,n,M,) is a function of m, n, and M,. Differentiation of
l1i-13 with respect to M, vields

d[MooyMuicyMz(c)] /dMne)
= (1 + m+ n)M1d[Mn(c)Mw(c)] /dMn(c)
—(m+ n+ mmMZ  (lll-14)

Therefore a plot of d[ MncyMuw(cyMz(c)]/dMnc) against d[ M,
My)) /dMyc) should give a straight line if only three species are
present. If the value of M, is known, the values of mand n may
be obtained from the slope and intercept.

However, Chun and Kim38 have pointed out that the above
treatment involves a double differentiation step which introduces
a large error; this is especially true at low concentrations. Instead
they used only eq llI-9 and |ll-10 to obtain

m{aMy/ My — 1} = {n — Myo/ M} = (m — 1)(n — 1)F,

(In-15)
Differentiation of the above equation gives
1 dMy(q) M,
——=(m—1{n—1)— nmd df
M, df, M) !
(11-16)

Thus a p|0t of d(Mw(c)/M1)df1 VS. d(M«]/Mn(C))/d f1 should give a
straight line for the three-species system and from the slope of
the intercept one may calculate the values of mand n if the value
of M, is known. By appropriate rearrangement of eq Ill-15, one
can obtain the expression

M/ My — 1 __(Hh=1)

M1/Mn(c) —1 (M1/Mn(c) - 1)

X{m—1N)n—1)—mn

(1-17)

Here, a plot of (My/ My — 1)/ (My/Myey — 1) vs. (fy — 1)/
(Mi/ M) — 1) is indicated. Unlike eq Il-14 and l-16, this ex-
pression requires no differentiation of any molecular weight
averages, so that errors should be comparatively smaller at
sufficiently high concentrations.

The independent variable in eq lll-17 is constrained by the
physical situation to nonzero values. For this reason, the inter-
cept can be determined only by a long extrapolation. The slope
can be determined precisely, since data at high concentrations
may be used. The value of this slope will limit the number of
association types that must be considered.

Diagnostic plots for the ideal isodesmic association have been
developed by several authors; we make reference again to Chun
and Kim.38 Combination of eq 11-28, 11-44, and |I-52 gives

Mo/ My = 1/ (11-18)
Mo/ Ms = (2Mye/ My} — 1= (2/VF) — 1 (I1-19)

A plot of either Myc)/ My or My )/ M1 against 1/\/?: should give
a straight line.

The diagnostic procedures discussed so far make use of the
several average molecular weights. It is expected that the de-
velopment of similar procedures for direct use with ¢ vs. r data
will be more difficult. However, Adams and Williams'' have
made the attempt to distinguish between some of the simpler

models by this route. For an ideal system (M., = M), com-
bination of eq 1I-38 and 1I-22 gives
1 de n
— — =cMyp) = ciM; -20
Ar dr 'w(c) l=21 iVl ( )
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Then, the substitution of eq II-73 when written for an ideal sys-
tem, and eq llI-1 into eq I-20 yields
1 de @&

—, 2 ifgexp[iA’My(r?2 = r,2
AM1rca dr i; ia p[ 1( a )]
where f refers to the f; at the meniscus.

For the case of monomer—dimer-trimer system the intro-
duction of the statement

f1a+ f2a+ fga= 1

(-21)

serves to convert eq lil-21 to the form

1 dc
—= A'My(r2 = r,2)] | = 1
{AM1rca dr/exp[ W(r? — ra?)]

= f2a{2 exp[A'My(r? — r,?)] — 1}
+ f3.{3 exp[2AMy(r2 — 2] — 1} (l1-22)

Thus, the graph of [{(1/AMyrc.)/exp[A'My(r2 — r2)]} — 1]/{2
exp[AM(r2 — r,?)] — 1} vs. |3 exp[2A'Mr2 — r,9)] — 1}/{2
exp[A'M(r? — r,2)] — 1} will give an inclined straight line for the
monomer-dimer—trimer system and a horizontal straight line for
monomer-dimer system. On the other hand, a plot of

1 dc
- A/M 2 — p 2
AM;rc, dr/eXp[ i(r® = )]

— 1/3 exp[2A'My(r2 — r,?)]
VS,
2exp[AMy(r? — r9)] — 1/3 exp[A'My(r2 — r,8)] — 1

will give horizontal straight line if only monomer and trimer are
present. As in the case with all of the availabie diagnostic plots,
this procedure is limited in applicability to the simpler mod-
els.

2. Nonideal Systems

The type of treatment for ideal systems given thus far should
also apply to nonideal systems at sufficiently low concentrations,
provided that the nonideality term BM, is sufficiently small
compared to the k;. Deviations from the ideal behavior as given
in Figure 2 will occur at higher concentrations. In order to extend
the useful range of the “‘two species ideal’ diagnostic plots to
nonideal systems, Roark and Yphantis3® obtained the expres-
sion

2Mﬁ+ 1)(c)/M1 - MG+2xc)/ M;

2
=1+n—nM[ ] n-23

( ) ! M?(C) M?/H)(C) ( )
which may be compared with eq IlI-8. Here M., = My, My,
M, and M4y @s j =0, 1, 2, 3, respectively. It was found that
when the apparent average molecular weights are expanded into
a Taylor series in concentration with virial coefficients, the linear
combinations in eq l1-23 eliminate terms linear in concentration.
Plots of the left-hand side of eq I1I-23 against 2/ My, — 1/ M4 1)
extend the linear portion of the ‘‘two species” plot.

An analogous, but perhaps more satisfactory, approach also
has been described by Roark and Yphantis. They write a recip-
rocal of molecular weight for the first "‘ideal” moment, a quantity
which they describe as

2 1

1/Myl(c) = d[1/CMn(c)]/d[1/C] =

(H1-24)
n{c) w(c)
This moment contains no term in B, so it will have a unique value
irrespective of whether the solution is ideal or nonideal. The
equation is obtained by a combination of eq 1I-43 and 1I-51, with
only linear terms in ¢ being considered.
Chun et al.®® have continued this type of development to



668 Chemical Reviews, 1977, Vol. 77, No. 5

eliminate B in the development of standard plots to test for the
type and extent of the association, with particular reference to
monomer—n-mer systems. Basic to the analysis are two equa-
tions which are obtained by combining eq I1-43 and eq 1I-51, and
eq 1I-43 and eq 11-69, respectively. They are, in effect, guides to
two species plots which can be extended to nonideal systems.
The first is

oMy My _ 2My M

£= - (H1-25)
Mo Mo Mo My
which is {lll-24) multiplied by M;. The second is
M M
n=——=Inf2=———1Inf (-26)

A’ﬁv(C) Mw(c)

These two equations permit the analysis of nonideal systems
by using two-species plots, but again, restricted to terms in c.
Of course they are also applicable to ideal self-associations as
well.

For the nonideal isodesmic case, combination of eq Ill-25,
(11-26, and IIl-19 gives a relationship between £ and 7. A diag-
nostic plot based on this relation is described by Chun et al. (e.g.,
see Figure 2 of ref 39).

For monomer-n-mer systems, the introduction of eq lil-7 into
eq lII-25, and eq IlI-5 into eq lI-26 transforms the £ and 7 into
functions of M/ Mand n. A combination diagnostic plot based
on this relation is given in Figure 1, also of ref 39.

Both Roark and Yphantis®® and Chun et al.® have also treated
the three-species self-association reaction diagnosis by using
similar combinations of equations. The equations are now quite
involved, and they will not be set down in this report.

C. Determination of Association Constants and
Virial Coefficients from the Total
Concentration vs. Radial Distance Curves

Of the two general methods to obtain association constants
and virial coefficients (in addition to the establishment of the
stoichiometry), that which employs directly the total concen-
tration as a function of radial distance has seemingly the greater
potential for the improvement of an analytical result. However,
to date this method has received far less attention, probably
because of the relative complexity of the required calculations.
With the present availability of computers, this fact should no
longer be a deterrent, and this method may yet become the
preferred analysis. Actually the numerical analysis of functions
which consist of sums of exponents is a recurrent problem in
many areas of science and engineering, and a large number of
approaches and procedures have been described for this ma-
nipulation. It will be noted that the expressions descriptive of the
equilibrium concentration distribution in ordinary polydisperse
systems are formally the same as these equations, and therefore
that the same computational procedures may be applied even
when the solute undergoes a chemical reaction.

Depending on the intricacy of the stoichiometry of the reac-
tion, the description of this general method may be divided into
three sections for discussion: (1) simple two-species systems
not requiring a computer; (2) more involved ideal systems for
which the value of M, is known and for which the behavior may
be expressed by using linear equations; and (3) ideal systems
for which the M, is not known and nonideal systems for which
the descriptive mathematjcal expressions are now nonlinear
equations.

1. Two-Species Systems
The total concentration versus distance for a two-species ideal
system is written (eq 11-75)

¢ = C1a exp[A'My(r? — r?)]

+ k,C1a" exp[nA'M(r? — r2)]  (H1-27)

Kim, Deonier, and Williams

It can be arranged to read

clexp[A'My(r? = r?)] = c1a
+ Knci1a™ exp[(n — NAMi(r? — r?)]
Thus a plot of the left-hand side of this equation as a function of
exp[(n — 1)A’My(r2 — r,?)] should give an inclined straight line,
and from its slope and intercept k, may be computed.
When the value of B is not negligible, eq II-75 assumes the
following form for the monomer—n-mer case

C = Cia exp[AM(r? — r2) — BMy(c — ca)]
+ Cra expln[ A'My(r2 — r,2) — BMs(c — ca)]}  (111-29)

Noting that

(11-28)

Cna = Ca — Cia
eq 1-29 may be rearranged to obtain

o = c expl—nM;[A1r2 — r,2) — Blc — cJ)]} — ¢a
2 7 axpl(1 = MM;[A1r2 — 1,3 — Blc = ca)]} — 1

(1-30)

For the evaluation of ¢+;, a value of Bis chosen and then values
of the right-hand side of this equation at several r values are
plotted against ¢. This process may be repeated with varying
values of B until a horizontal straight line is obtained. From the
intercept between this line and the vertical coordinate, the
concentration ¢,; may be obtained, with the B value which gives
this horizontal straight line being taken to be correct. Then the
Cna value is readily obtained, and the use of eq II-19 gives the
association constant. This is a straightforward procedure similar
to the one employed by Van Holde and Rossetti 6 for analyzing
isodesmic self-associating systems with apparent weight-av-
erage molecular weight data.

For the indefinite isodesmic self-association there is but one
association constant to be determined (it having been assumed
that a constant increment of free energy is involved for the ad-
dition of 1 mol of monomer to any Fmer); therefore the procedure
of the linear plot for two-species systems may be readily
adapted. For the ideal isodesmic reaction eq II-77 becomes

C1a €Xp[AMy(r? — r.?)]

c= -31
{1 — kcia exp[AM(r? — r,2)]}? (s
Upon rearrangement we find
(1= [Vcia exp[AMi(r2 = r,2)]/c}] 2/
Cia €Xp[A'My(r2 — r,9)] = k  (lI-32)

Here the value of ¢, may be adjusted until a plot of the left-hand
side of this equation against ¢ gives a horizontat straight line.
From the intercept the value of the intrinsic constant may be
obtained. For the nonideal system with one virial coefficient, eq
11-77 may be directly applied to give

c= C1a eXp[A'M1(f2 — r2) — BMy(c — ca)l

{1 — kcia exp[ A'My(r2 — r2) — BMy(c — ca)l}?
A general computer-based curve-fitting procedure may be
employed here to evaluate the parameters k, My, B, and cqa.

An alternative procedure, recently described by Milthorpe et
al.,*® makes use of the relationship

(111-33)

¥1€1 = Y1xCix exp[AMy(r2 — 1) (1-34)

where the r, refers to an arbitrary reference radial distance. This

is a more general form of eq I1-73 for the monomer species in

that it does not require the use of the approximation eq Ii-18. This

equation may be readily converted to give

_ coxp[AMi(r® — )] _ yixCixC
Cx Y1€1Cx

Q (11-35)

from which one obtains
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c—0 Cx

(111-36)

sinceasc—>0,y;—> 1,and ¢/c — 1.

Thus by extrapolating the values of  to infinite dilution one
obtains the value of y,,c4x and once this value is known, eq 11l-35
may be used to obtain the values of y;c, at any radial distance.
At this point eq lI-18 can be introduced in the form

B=1In [“—“]/Mfc
Cq

In cases for which ¢4 can be expressed as an explicit function
of ¢, this function can be combined with eq 11I-37 at two (y1¢4-¢)
data points to yield an expression in which the equilibrium
constant is the only unknown. Otherwise a successive approx-
imation procedure based upon eq 1I-21 may be employed.

(n-37)

‘2. Solution of Linear Equations
For the ideal system eq II-75 becomes

v

c= Cia €XP[IA'My(r?2 — r2)] (11-38)

i=1

When M, is known, the only unknown parameters are the ¢,
and therefore the equation is linear. There are two general
methods for solving linear equations: the least-squares method
and linear programming.

For the method of least squares, eq II-38 may be re-ex-
pressed for each data point, j, as follows:

G =3 caexplAM(rZ—r2)] +38;,  (II-39)
=1

(=12,38,...,m

where 0; is the difference between the measured and computed
value of ¢;. The problem of the least-squares method is to find
the values of ¢;; which satisfy the condition

P52 =
> {,; (%, )}/ac,a 0

simultaneously for each component /.
Combination of these two statements then gives the set of
equations

m n
Z1 cjexp[iAMy(r?2 — r,2)] = kZ1 Cra 21
P ~ -

exp[iA'My(r;2 — ra?)] exp[kA'My(r;2 — r?)]

(111-40)

(I11-41)

A test of this method for the analysis was made by Has-
chemeyer and Bowers,3° using synthetic data. The results in-
dicated that even up to five-species systems the result is very
good (discrepancy of less than 10%) if the difference in mo-
lecular weight is reasonably spread and if the distribution of
association constants is such that only one or two species do
not predominate. However, we are not aware of any extended
description in the literature of the application of this Teller-
Haschemeyer-Bowers method in the evaluation of actual ex-
perimental data; this is the crucial test.

The method of least squares sometimes yields negative values
for the coefficients, a physically untenable situation. Thus some
kind of constraint must be imposed or some other method must
be employed to alleviate this difficulty. The most common al-
ternative is the method of linear programming which has been
successfully applied to the analysis of polydisperse systems.4142
This method seeks to minimize the quantity*3

m
2. 16/l
=1

with the constraint that
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Cia>0

for all i. The minimization is carried out by using the modified
simplex algorithm. Although this method seems not to have
been applied in the analysis of self-associating systems,
Scholte*’42 was able to describe a curve-fitting procedure even
for bimodal and trimodal molecular weight distribution of poly-
mers, and with reasonable success.

3. Solution of Nonlinear Equations

There are two types of nonlinear equations to represent ¢ as
a function of r. One is the expression for ideal systems (e.g., eq
1-39) in which M, is also a parameter to be determined. The
other is the expression for nonideal systems, and it may be ob-
tained by re-expressing eq lI-75 for an arbitrary individual data
point, j,

¢ = i Cia ©XP{i{ A'My(r;2 — 1,2)
=1
— BMi(c; — ca)l} +6;  (llI-42)

This equation is an implicit function of ¢ and the solution of it is
more invelved than that for eq 11I-39. The general approach in
the solution of nonlinear equations is to transform them into
linear equations by using various approximations and then to
solve these linear equations, using the method of least squares.
The approximations involved are to fix the parameter values in
the exponentials or to expand eq Hi-39 or 1l-42 into Taylor se-
ries.

There are a large number of procedures which invoive a
Taylor’s series expansion.*? Since they are basically similar in
nature and since the choice of which method to use will be de-
pendent on the nature of the associating systems to be studied,
we do not attempt to describe all of the methods available. Two
of the more typical methods will be discussed here to illustrate
the principle.

One of them, the Newton-Raphson method, seeks to mini-
mize the quantity, 24,2 from eq 1lI-42. Denoting the primed pa-
rameters, a1, as the initial approximations we assume that the
required minimum is at «; = «;” + A«. Then we can find the
minimum value at

[[o(£5) /o)),

Expansion of this equation into Taylor series about «;’, and ig-
noring the terms involving the third and higher derivatives,
gives

o(£97) /oa, -
é [62<i§ 5/2>/aa,bak}mx;Aak (11-44)

k=1

This is a set of simultaneous equations from which A«; may be
evaluated. These values are then added to «;” to start the second
iteration. This operation may be continued until the value of Ag;
becomes negligible. To our knowledge this approach has not
been applied to self-associating systems.

In the Gauss—Newton method, eq lI-42 is directly differentiated
to obtain

(111-43)

n
g=(ci— ¢y = 2 (dc/1da)Aay (1l1-45)
k=1
Here, d; is the difference between observed (¢;) and computed
(c,’) values of the concentration. The least-squares determination
of the coefficients of this equation which gives the minimum
value for Zd;? is now made and the resulting values of A« are
added to ay to obtain the next approximation; the iteration is
repeated until these error terms become negligible.
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TABLE |. Exponential Analysls of Self-Association: Three-Specles
System (Taken from Haschemeyer and Bowers??)#

True value Linear Nonlinear
i Cia K Cia ki Cia ki
A1 0.62 1.0 0.62 1.0 0.63 1
0.50 1.0 0.48 0.94 0.49 0.94
3 049 1.0 0.50 0.98 0.48 0.93
B1 0.77 1.0 0.78 1.0 0.79 1.0
2 00 10°® 0 0 0 0
3 083 1.0 0.84 0.98 0.82 0.94
C1 0.034 1.0 0.041 1.0 0.032 1.0
2 1.49 108 1.47 8.6 X 102 1.46 1.06 X 10°
3  0.079 108 0.089 6.2 X 102 0.104 1.47 X 108
D1 0.1 1.0 0.11 1.0 0.09 1.0
2 0011 1.0 —=0.016 —-1.1 0.07 7.33
3 149 108 1.51 7X 102 1.43 1.14 X 108

2 Physical parameters used for generation of simulated sedimentation
equilibrium data: v, 0.758 cm3/g; p, 1.0 g/cm3; T 293 K; a, 5.905 cm; b,
6.205 cm; M, 60 000.

The application of this approach to the self-associating sys-
tems was made by Van Holde et al.? Haschemeyer and Bowers®®
investigated the reliability of this approach by computing syn-
thetic ¢ vs. r data for several ideal systems for which the values
of M, are unknown, generating random errors of 0.03 fringes.

TABLE Il. Analysis of Simulated c vs. r Data (Taken from Rosenthal4¢)

Kim, Deonier, and Williams

The results of the analysis of these synthetic data, using the
Gauss-Newton method, are also listed in Table I. For the mo-
nomer-dimer-trimer case and when k and kg are comparable
in value, the association constants as computed agreed to within
7% of the assigned values. This same analysis was also used
independently by Rosenthal,** who found a similar agreement
between the assigned and calculated k for monomer—dimer case
as shown in Table Il. However, for four- or five-species systems
the discrepancies were over 20% (see Table Ili).

The same general procedure was also tested for nonideal
systems by Holladay and Sophianopoulos®! who assumed that
M, in eq Ill-42 is predetermined. However, very good initial
values for the parameters are needed for the convergence,
because a very ill-conditioned matrix frequently has to be in-
verted and the range of ¢; is often not broad enough for a satis-
factory solution. To minimize the computational difficulties the
value of B was fixed, so that the resulting linear equations could
be solved for ¢;,, using the least-squares method. By a stepwise
search, the B value which minimized 26,2 was found. These
workers limited the unknown parameters in eq Ill-42 to five: B
and four ¢j,. The concentrations, ¢;, were obtained by integration
of the concentration gradient.

The initial results have shown, however, that the synthetic data
for short column-low speed sedimentation equilibrium experi-
ments with random error of 0.1% in concentration gradient do
not give a unique answer in contrast to the exact synthetic data

M, i Ca(input)@ Caloutput)® M, ki{input) k;(output)
100 000 1 4,17 X 1072 4.03 X 1072 101 000
200 000 2 7.20 X 10~* 6.13 X 1074 0.41 0.38
100 000 2 1.85 X 1072 1.82 X 1072 50 000
150 000 3 1.57 X 1078 1.38 X 1073 0.39 0.32
200 000 4 1.19 X 10~ 9.78 X 1075 0.35 0.30
100 000 2 1.53 X 1071 1.57 X 1077 50 900
150 000 3 485X 1072 5.20 X 1072 0.66 0.64
200 000 4 1.40 X 1072 8.76 X 1073 0.60 0.36
100 000 4 4,17 X 1072 9.8 X 1072 28 000
125 000 5 1.58 X 1072 3.0 X 1071
150 000 6 0.0 5.0 X 1072
175 000 7 2.02 X 1078 12X 1078
200 000 8 7.20 X 1074 7.5 % 1073
25 000 1 3.12X 107 3.25 X 1077 25 000
50 000 2 7.42 X 1072 6.39 X 1072 0.76 0.60
100 000 4 2.65X 1078 2.36 X 1072 0.28 0.21
150 000 6 0.0 2,57 X 1078 0.0 22X 1078
200 000 8 1.75 X 1078 1.34 X 1076 1.98 X 1072 1.34 X 1076
2 Concentration expressed in fringe numbers.
TABLE IN. Analysis of Simulated ¢ vs. r Data for Four-Specles System (Taken from Holladay and Sophlanopoulos®!)
B8X 10 C1a X 102 C2a X 102 C3a X 102 C4a X 102
mol dL g2 g/dL g/dL g/dL g/dl. 62
3.00 1.000 1.900 2.000 1.800
A. Exact Data: One Cell
1.00 1.6334 0.0 3.9925 1.0737 6.31 X 107¢
2.00 1.4517 0.6255 3.2547 1.3686 498 X 1070
3.00 0.9960 1.9097 1.9929 1.8018 2.41 X 10"
4.00 0.4924 3.3207 0.6169 2.2696 6.74 X 10710
B. Noisy Data: One Cell
1.0 1.6537 0.0 3.9553 1.0924 1.90 X 1078
2.0 1.4282 0.7294 3.1362 1.4082 1,12 X 1078
3.0 0.9687 2.0228 1.8664 1.8437 8.46 X 10™¢
4.0 0.4604 3.4468 0.4793 2.3146 6.55 X 109
4.352 0.2901 3.9316 0.0 2.4793 8.11 X 107°
C. Noisy Data: Two Cells
2.00 1.4809 0.0 4.0805 1.0971 3.84 X 1075
3.00 1.0455 1.8254 2.0399 1.7927 1.38 X 1077
4.00 0.0 4.1557 0.0 2.4542 2.41X 1074
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TABLE IV. Determination of Number of Species Using Two-Cells Data (Taken from Holladay and Sophianopoulos®')

BX 10 C1a X 102 Coa X 102 Cza X 102 Cqa X 102
mol dL g2 g/dL g/dL g/dL g/dL 82
A. Monomer-Dimer-Trimer
3.00 1.000 1.900 2.000 0.0
2.00 0.5558 2.5502 1.7618 0.00 2,29 X 1075
2.80 0.9124 2.0326 1.9498 0.00 1.03 X 1076
3.00 1.0051 1.8981 1.9985 0.00 5.20 X 1078
3.20 0.9564 2.0004 1.9238 0.0202 7.52 X 1078
3.40 0.9034 2.1107 1.8441 0.0415 1.27 X 107
4.00 0.7267 2.4772 1.5820 0.1101 5.20 X 10™3
B. Monomer-Tetramer

3.00 1.000 0.0 0.0 1.800
2.00 0.8262 0.00 0.3302 1.6251 4,29 X 10~8
2.80 0.9661 0.00 0.0679 1.7631 1.91 X 1077
3.00 1.0017 0.0007 0.00 1.7986 1.48 X 10~8
3.20 0.9831 0.00 0.00 1.8074 2.03 X 1078
4.00 0.00 0.8622 0.00 1.7408 2.48 X 1074

as shown in Table |V. Therefore, a method to “'extend’’ mathe-
matically the column length using two short columns was used.
If ¢’ is the concentration in the second cell and the position of
the meniscus for this second cell is denoted as r,, then,

n
o = 21 Cie' exp{i[A'M;(rn2 = re?)
s
— BMy(cy' — ¢} + 48" (ll-46)

Also if the position in the second cell where the concentration
is the same as that at the bottom, b, of the first cell is measured
as d, then

Ce' = Cia expli[ A'My(rs? — 1ra2 — 12 + ro?)

— BMy(c.' — ci)l}  (II-47)
Introduction of eq l11-47 into eq 11I-46 then gives
n
on' = 2 cia explil AMi(rs® = 1.2 = 1 + re?)
i=1
— BMy(cs' — ci)l}x
X explil A'My(r2 — r?) — BMi(c — c) I} + 81 (111-48)

Thus, if the position r4 is determined, ¢’ can be related to the
Cjs directly. The least-squares method then involves the equal-
ity:
m
al LD 5h’2]/bc,a =0 (ll1-49)
j=1 h=1
For the computations in those cases for which the simpler

self-associations are involved, this method, while not much used,
is quite successful.

4. Method of Moments: Ideal Systems

Recognizing the difficulties of treating equations with expo-
nential functions, Dyson and Isenberg*® have proposed the use
of moments of the curves for the analysis of sums of exponen-
tials. For the systems with n species with an equilibrium ex-
perimental radial distribution, the total concentration (eq II-75)
is expressed as a function of the relative position, z= a2 — r2,
as follows:

o2) = ¥ cfa) exp[—AMz]

i=1

(111-50)

where ¢,(a) is the concentration at an arbitrary reference radial
position, a. Then the 2n moments are defined as

z
i = ﬁ e(z)zFkdz

They are then minimized in order to replace the original data with

(k=0,1,...,2n—=1) (lI-51)

a smaller number of more precise representations. In this
equation

Z=a%— p?

where b is another arbitrary reference radial position.

Space does not here permit further elaboration of the details;
we note simply that these moments are then related to the ¢,
(or to corresponding association constants) as follows:

My = f czkdz — f cz¥dz
0 z

=3 CalKVAMYYHT =] (IN-52)
i=1

In mensicus depletion experiments, the correction integrals,
I« are small compared to the nonexponential terms. They may
be evaluated recursively from

lix = (Z%/IAMY) exp(—iZA'My) + ki 1/ IAMy  (I11-53)

starting from the relation

— 1 H 7

o AV, exp(—iZA'M,) (I1-54)
The c;, are then obtained by linear algebra since they are the only
unknowns in eq lIl-52. The advantage of this procedure over the
previous methods was attributed to the data smoothing inherent
in the integration used to obtain the moments and its applicability
(via iteration) to the case where M; is unknown. In spite of its
very real promise, the procedure has not been tested to any
appreciable extent with protein self-association reaction
data.

5. Method of Constant Concentration Increment

An interesting method developed by Chun and Kim4€ makes
use of the fact that when r values are obtained for ¢ values which
are multiple integers of a constant concentration increment, Ac,
then

¢, = ¢z +jAc (IN-55)
and eq II-75 simplifies to
n n
Cr/ = 21 Cia¢r,-148 (|”'56)
=
where
b, = exp[A'My(r;2 — r;2)] (IN-57)
and
B = exp[—BM;Ac] (111-58)
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For an n-species system, eq llI-56 has n + 1 unknowns, i.e., n
values of the ¢, and 8. If j = n + 1 measurements are made
here, one obtains a sufficient number of equations which may
be solved for the unknowns, and from these, k; and B may be
evaluated. This procedure, although seemingly simple, does not
employ all the data obtainable from the Rayleigh patterns and
is thus subject to more uncertainties than the general curve fitting
methods described earlier.

D. Analysis of Self-Association by Use of
Apparent Molecular Weight Averages
Expressed as Functions of Concentration ¢

The equations which relate My, My, and Mg, with con-
centration through the nonideality parameters are similar in form.
However, the relationships between these apparent molecular
weight averages and the association constants are all different;
furthermore, when it is possible to express a molecular weight
average like M, as an explicit function of ¢ with the association
constant(s) and the virial coefficient(s) as parameters, the dif-
ferent functionalities are found, in general, for each mecha-
nism.

Equation 1I-43 and eq I1-51, 1I-56, and 1I-57 are not in them-
selves particularly suitable for evaluating association constants
because writing them in terms of the k; usually requires intro-
duction of ¢;. They must be converted into functions only of ¢
by using either eq 1I-21 or 1I-63. Except for two-species systems,
the application of eq 1I-21 is quite complicated, and therefore
eq I-63 is generally employed for the purpose at hand.

We describe those procedures which employ appropriate
derivatives of molecular weight averages to obtain the various
association constants. Then we consider curve-fitting procedures
which can be employed with expressions which relate M, ki,
and BM,, with ¢ as the independent variable. Such procedures
have been limited up to now to the nonideal monomer-n-mer
case and to the isodesmic case. Finally we describe how several
different molecular weight averages may be combined to provide
for analysis of more general cases.

1. Derivative Procedures

Steiner was apparently the first to use the weight-average
molecular weight vs. concentration data of ideal systems to
obtain association constants. The procedure, originally devel-
oped for the light-scattering experiments, was later applied to
the data from the approach to sedimentation equilibrium*” and
sedimentation equilibrium experiments®:48 with self-associating
protein systems. By this time there has been a considerable
extension of the analytical methods which involve first of all, the
transformation of the original ¢ (or dc/dn) vs. r data. A description
of one which is basically simple follows.

When eq II-63 is introduced into eq 1I-23 we obtain

n

CMyc/ M1 = > iki{fic) = fic + 2ko(FiC)?

i=1

+ 3ka(f1c)*+ ... (N-59)

Since eq IlI-59 is a simple polynomial in which (f;¢) is the in-
dependent variable and the association constants are the
coefficients, the association constants may be evaluated by
successive differentiation. For example, the limiting slope of a
plot of [cMycy/ M1 — 1 — f1c] vs. (f1¢)? curve yields the vaiue
of 2k,. Analogous plots may be constructed to obtain all of the
k; values. It is obvious that a similar procedure may be used for
the number average molecular weight which may be defined
from eq 1I-48 and eq 1I-63, as

n
CM1/M,1(C) = Z k;(f1c)’/i= fic
i=1

+ ko(f10)2/2 + ka(f1€)3/3 + ... (l1-60)

Kim, Deonier, and Williams

In this derivative process, the evaluation of each of the k; re-
quires the use of values of all the previous association constants;
therefore, the error in its calculation is cumulative. Aiso, the
method relies on limiting slopes, which employ some of the least
precise data.

A somewhat different approach was taken by Derechin*9-5"
who first expanded eq 1I-49 for the ideal solution case in powers
of ¢ and then applied the multinomial theorem to obtain, finally,
the expressions

ko = —[d <MA:(1¢)) /dc]c=o (1-61)
o=3lo () o).,
- % [d"’ <MA:(’C)> /dc2]c= (1-62)

<o () /o]
_ 11_8 [ds <M_A:::)>/dca]c=0 (11-63)

Similar expressions for the k; in terms of My/ M, were also
obtained. Although this method eliminates the necessity of the
determinations of f,, there is a serious problem inherent in it,
namely that of the uncertainty in obtaining successive derivatives
of My/ My, at the limiting concentration of ¢ = 0. The above
treatment was extended to M) data, but an additional differ-
entiation is now required. Thus, there appears to be no gain in
advantage with its application.

Derechin has extended his original treatment to nonideal
systems. These procedures were tested by him, for the most
part, with synthetic data. A difficulty with this approach is that
it requires determination of the slope, curvature, and higher
derivations of the M, vs. ¢ curves at ¢ = 0, quantities which
cannot be evaluated with accuracy from experimental data. The
fundamental problem is that even though these quantities may
be known with some precision at finite concentrations, they
become increasingly inaccurate as ¢ — 0.

2. General Curve-Fitting Procedures

Since eq l11-59 and eq lI-60 are linear expressions in the un-
known quantities k;, they are amenable to the application of the
least-squares method and to the method of linear programming
discussed in the previous section. These procedures are also
applicable to the quantity — (eq II-57), but the situation with
respect to My, (eq II-53) is more complicated. In any event,
there is no reason why quantities other than M, should be used
for this purpose. Certain advantages of using stepwise polyno-
mial regression analysis have been described by Chun et al.5?
and by Efroymson.52 Here it should be noted that the value of
must be also evaluated.

The simplest case that may be assigned to this general cat-
egory is the ideal two-species system in which monomer is in
equilibrium with an n-mer. For this case eq I1-21 and 11-23 may
be simplified to read

(IN-64)
(11-65)

c=rcy+ kyci”
CMW(C)/M1 = Cq + nk,cq"

By combination of these two equations Kegeles and Rao*7 ob-
tained the following general expression
My = My _ B < c )n-1
[nMy = Mug] " " \(n = DM,
When this equation is appropriately plotted, one obtains the

(I-66)
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value of k, from the slope of a straight line. Such a linear plot
provides the simplest form of curve fitting. Alternatively, ¢, may
be obtained from an expression which is obtained by rearranging
eq ll-65 to obtain

Cc1 = c[n— Mw(c)/M1]/(n - 1) (|||-67)

Once ¢, values are available as a function of ¢, then k, may be
evaluated graphically by using either of the following two
equations

c/cr— 1= Kkyo" ! (I1-68)

or

infc—cy)=Ink,+ nin ¢, (11I-89)

These are different forms of eq llI-64. Plots of the left-hand side
of these equations against either ¢;"~* or in n In ¢ givé the
value of k,.%7

It is, of course, possible to evaluate f; by using eq I1-66 and
to obtain the value of k, from either of two expressions.3®

(Mucy My) — (f1/£,") = nk,c" ! (1-70)
or

(1/f; = 1) = ky(cf)"~? (in-71)

These equations may be obtained from eq li-64 and |I-65 after
the introduction of eq 11-63. The method of using eq I1l-66 and
[11-67 may be preferred because the uncertain extrapolation to
low concentration required for the numerical integration used
to obtain f; will be avoided.

The situation becomes more complicated when the system
is nonideal. Combination of eq I-41 and 11-43 gives

—CWV(SL__= $ ikqCq
Mi[1 — cM; Bl i=z1 hd

This equation, upon substitution of eq II-7 1, may be transformed
to give

-72)

MeVC = <y j—1[f.a —_ i -
Wi[T = cMZ Bl ,'; ikic/~ [ £42 exp(—BM,¢)] ' (11I-73)

The procedures of solving nonlinear equations described in
connection with the analysis of ¢ vs. r data may be employed
here to determine k; and B4 simultaneously. For this purpose the
B value may be assigned first and then the resulting linear
equation may be solved, using the method of least squares. This
process may be repeated with varying values of B until the best
results are obtained. This general procedure, using a slightly
different expression, was first proposed by Van Holde et al.® With
eq l1I-73 an additional quantity 12 must be evaluated for each
of the ¢ values where My, is known. For this general curve-
fitting procedure, over-determined data points are usually
used.

Inspection of eq 1I-43 suggests that if B is first determined then
the My/M,,, are immediately available, and the procedures
which are applicable to ideal two-species systems already dis-
cussed may be used to calculate the association constant.
Substitution of eq lI-41 and 1I-7 1 into eq 11-43 yields for the mo-
nomer—n-mer case,

M, 1
Mio n+(1— n)f@exp(—BM;c)

In eq llI-74 the only unknown is B; it may be obtained by
successive approximation?® or by a general curve-fitting pro-
cedure.*3:5% Once the value of B is known, the quantities ¢ and
f1 can be calculated by using eq 1l-71. The quantity My, may
be obtained from eq 1I-43 and the association constant com-
puted.

As is the case for ideal systems (eq |li-66), it is possible to
convert eq lll-72 for a simple monomer—n-mer reaction into a

+ BM.c (lli-74)
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function of one variable, ¢, using the expressions of mass
conservation (eq 1I-21) without going through a determination
of £,2. Combination of eq II-21, II-41, and 11-43, when applied to
a monomer-dimer reaction gives°

[2M/Mey)] — 1= (1 + 4koe)~ V2 + 2BMic  (III-75)

Visser et al.?® used a nonlinear least-squares fit for the si-
multaneous estimation of k; and B. The *'goodness of fit"” criteria
used was

x2= £ = [y = Ax)l?

0j

where the o; are the uncertainties in the data points y; =
(2M4/ M, — 1). They used a grid search technique, in which the
values of k, and BM, are systematically changed to minimize
x2 until a final minimum was reached. Although this procedure
may be superior to the general curve-fitting method described
earlier (eq llI-72), extension of it to the general case does not
seem to be feasible. To develop an extrapolation method for the
analysis of monomer—dimer self-associations, one may integrate
eq lll-75 to obtain55

c 1
j; (2Mi/ My = 1) de = -~ (VT F dkzo = 1)
2

(I1-76)

+ BM.c? (II-77)

This expression may be used together with 1II-75 to eliminate
the radical. The result is

¢ /2M, )
— 1) de— BMc?
J. Ge
- 1 <2M1
2k mv(c)

This expression was rearranged to give an equation of the
type

—1
—1- 2MB1C> _
2k,

(-78)

U=2/a+bV—W (IN-79)

in which Uand V are experimentally obtainable quantities, and
W is a term which approaches zero as the system approaches
ideality, and which is related to the parameters a and b. This
equation can be solved by an iterative procedure based on a
linear plot. The reader is referred to ref 55 for an exact de-
scription of the procedure, and to ref 43 for an evaluation of
it.

An alternative procedure which employs eq IlI-75 in another
form has been developed by Deonier and Williams.55 For this
purpose eq II-75 is rearranged to obtain

Ra2/[2(1 — BM;R,c) — Ry]2 — 1= 4koc  (III-80)

where

Ra = Mo/ M (11-81)

The quantity on the left-hand side of eq 11I-80 is divided by ¢ and
then plotted against ¢ with varying values of BM;, until a hori-
zontal straight line is obtained. The intercept between this line
and the vertical coordinate divided by 4 yields the value of k.
This procedure is a direct adaptation of a method originally used
for the isodesmic reactions by Van Holde and Rossetti,’® which
will be discussed shortly. For the general nonideal two-species
systems, we may obtain

1— R, ~ BMyR
a 1haC - [(1 _ n)
[Ra —n(1— BM1RaC)]
X (1 = BMycRy)| ™1 = ke

(In-82)

Here again the quantity on the left-hand side of eq lil-82 may be
divided, this time by ¢"~ ', and then piotted against ¢ with varying
values of B until a horizontal straight line is obtained.
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For ideal isodesmic reactions, eq 1I-28 and |-44 may be
combined to obtain a simple relation®

(Muio/ M1)? — 1 = dkc (-83)

A plot of [(Myc)/ M1)2 — 1] against ¢ should give a straight line
which passes through the origin. From the slope of this line the
value of k may be calculated. Although it is possible to substitute
eq l-63 into eq Il-44 to obtain an alternative equation which may
be used for the graphical evaluation of k, as in the case of dis-
crete reactions, it does not provide an advantage over the use
of eq IlI-83.

For the nonideal systems, Van Holde and Rossetti'® combined
eq [1-28, 11-43, and 1I-44 to obtain

[Ra/[(1 — BM;Rxc)]? — 1 = 4kc (11-84)

Here again the quantity on the left-hand side of eq I1i-84, divided
by ¢, may be plotted against ¢, and B may be adjusted until a
horizontal line is obtained. The intercept between this line and
the vertical coordinate gives the value of 4k.

The general curve-fitting procedure adopted by Deonier and
Williams for the monomer—dimer case may also be used here
after eq 11l-84 is converted into another form, viz.

My/ My = (1 + 4ke)= 2 + BMsc (I1l-85)

As in eq lll-77, an integration is performed to allow elimination
of the radical, thus leading to an analogue of eq lll-78 and a
corresponding variant of eq l1I-79.

3. Combinations of Molecular Weight Averages

The curve-fitting procedures described in the previous section
are adequate when two parameters suffice to describe the
self-association, but they become unwieldy when the molecular
weights of monomer and n-mer are not known as additional
parameters or other additional species are present. By com-
bining different molecular weight averages it is possible to obtain
expressions for the more complicated cases in which only one
of the unknowns is expressed in terms of experimental quan-
tities. This approach has been extensively developed by
Adams.58

a. Ideal Systems

We set down expressions relating experimental quantities to
the equilibrium constants for an ideal three-component system
{monomer—m-mer, n-mer). Equations II-21, 11-23, 11-48, and 1I-57
then take the form

c=c¢y+ knci™ +kycq" (111-86)
CMyiy/ My = 1 + mKpei™ + nk,cq” (111-87)
M/ Mpoy = €1+ kme1™/m + ke n (111-88)
=y = ¢1 + m2kn,cy™ + nPk,cq” (111-89)

By using Steiner’s method2® one may obtain ¢4 which can be
substituted into the above set of equations to give a linear system
that may be solved for the k; by simple least-squares procedures.
The four-species systems can be treated in a similar fashion.

For the monomer-dimer reactions, with the molecular weights
of the species unknown, Dyson5? combined eq II-21, II-41, |-47,
and 11-53 to obtain a unique solution:

M= (e £ Va ¥ dag (11-90)
where i = 1 or n, depending on the sign chosen for the above.
The quantities « are defined as

wic [ Mzic) = Muie)]/ [ Muie) — Mo
z(c)]/[Mw(c) - Mn(c)]

a4 =

oy = Mw(c)Mn(c)[Mw(c) -

Kim, Deonier, and Williams

Once the molecular weights of the two species are found, the
concentration of monomer may be calculated by using the ex-
pression

c1 = ¢[May — Myi)]/ [ Moy — Mi]

With this quantity, together with ¢, values obtained using eq II-21,
the association constant is made available (eq I1-19).

(-8 1)

b. Nonideal Systems

In the procedures for analyzing nonideal two-species systems
(eq llI-73), equations have been combined to obtain an expres-
sion for B as a function of certain experimental quantities. In an
alternative procedure developed by Chun et al.,®® however,
equations are combined, first to eliminate B and then to obtain
an expression of f in terms of experimental quantities. Thus eq
I)-5 and llI-6 are substituted into eq 111-25 to give

1 2 1
&= 2f, <1——> +--— (In-92)
n n n—fn—1
This equation is quadratic in f4; it may be readily solved for f;.
With £, known eq llI-70 may be used to obtain the value of k,.
For the nonideal three-species system eq 1I-43 and lI-51 as-

sume the forms

M/ cMye) = (¢1 + mkmcy™ + nk,e™ ™1+ BMy (111-93)

and

cM/ My = ¢+ kmey™m + kney"/n + BMc?/2  (I1-94)

The use of these equations, along with eq 1l-86 and Il-71, to
estimate the quantities k», k3, and B has been described in some
detail by Adams.56

Alternatively eq [1l-86 and III-93 may be combined to eliminate
k,, the resulting equation reads

1/[(My/ cMye) — BM;] — nc

=(1—n)cy + (m— nk,cy™ (II-95)
Equation 111-86 may also be combined with eq 111-94 to give
cM; BM1CZ>
n< -——)—c=(n—1)c
Nﬁ(c) 2 !
+ (n/m— 1)kp,c4™  (IlI-96)

Equations 111-95 and 111-96 may then, in turn, be combined to
eliminate k.. When eq II-71 is introduced into the resulting
equation, the following expression for Bin terms of experimental
quantities is obtained

My cM, BM102

1/< —BM1>—nm—————————+(m—n)c
Wv(c) Nﬁ(c) 2

= (n— 1)(1 — m)f;®c exp(—BM,c)

(n-97)

This equation may be solved for B either by using a successive
approximation procedure or a general curve-fitting method. Once
B is determined ¢ may be calculated from eq II-71. Introduction
of Band ¢, into eq lll-95 then provides for the evaluation of k,,
and the introduction of k,, and ¢, into eq Ili-86 should give the
value of k,.

As in the case of the nonideal two-species system, it is also
possible to use eq lII-92 for the calculation of f4, thus to provide
means to evaluate k, and k., without prior determination of b.
Equation Ill-1 may be combined with eq 11-89 to obtain

—y/c = £ + m2f, + n2f, (111-98)

From eq llI-9, 1I-10, I-12, NNI-25, and [1I-98 it is possible to
evaluate f,, from which ¢; may be obtained. With the availability
of ¢4, eq 111-86 and l1I-9 provide the k, and k, data.

A procedure of analysis using both weight- and number-
average molecular weights was first developed for isodesmic
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systems by Adams and Lewis,'” who combined eq I1-43, ll-44,
II-51, and 1I-52 to obtain

(1 _BM1°>/<2_M+ )
M&(c) A’ﬁ(c) 2 2 M-an(c)

+ BM1C

(11-99)

This equation may be solved for B either by using successive
approximation or general curve-fitting. With the substitution of
the B into eq Il-43, the value of M/ My, is readily obtainable
and from eq Il-84 the value of the intrinsic constant, k, may be
computed. It is also possible to obtain first the value of #;, instead
of B, using either eq IlI-25 or 11-26; this method was developed
by Chun et al.®® From eq 1li-18, 1ll-19, and 11i-25

t=2VH —VHIER—-VEH) (1-100)
This is a quadratic equation in Vv/f4. It has the solution
Vi =[E+3)—V{E+ 32— 168)/4  (N-101)

Alternatively, using the successive approximation, the value of
f; may be obtained from eq Ill-19 and 111-26 since

n=[VHIE2=VH)] —Inf
It follows from the combination of eq 1I-28 and 1I-63 that
1= V'fy = kefy (I1-103)

Thus, once the value of f; is known, a plot of 1 — v/f, against
cfy should give a straight line, with the value of k being obtained
from its slope.

In the analysis of nonideal, discrete self-associating systems,
it has proven useful to employ several molecular weight aver-
ages. In the case of the nonideal three-species system which
is discussed here, introduction of these averages makes it
possible to reduce nth degree polynomials in several unknowns
to forms in one unknown, which can readily be solved. The
molecular weight averages other than M., were introduced for
computational convenience. More than one molecular weight
average could also be used for analyzing two-parameter systems
(e.g., monomer-n-mer and nonideal isodesmic).

Teller’® has considered at some length the question of
whether such combinations of data, all taken from the same
actual ¢ vs. rinformation, are advantageous over those proce-
dures which involve only one average, usually the weight-av-
erage molecular weight, as it varies with ¢ along the sedimen-
tation equilibrium column in the cell.

The question is complicated by the different methods of cai-
culating the molecular weight averages and by experimental
error. We believe that independent measures of My, My, and
M), for example, all of the same precision, would provide ad-
ditional information, since each molecular weight average
weights the various species differently (e.g., My, gives relatively
greater weighting to higher molecular weight species). Suppose,
however, that M. were calculated from M, data as
d{cM,))/dc: does this provide additional information? Potentially,
one could generate in this way a function (M) which more
strongly represents the higher molecular weight species. But
this information is not independent, since it is already contained
in the cM;,, function. Actually, the differentiation step applied
to imprecise data yields an even less precise function, and for
this reason we believe that there is no advantage to applying M,
and still higher molecular weight averages to two-species or
isodemic systems. If the extrapolation of My/M,., to zero con-
centration can be made with accuracy, there may be practical
advantages associated with using My, since random errors tend
to cancel when an integration is performed. We believe that the
possible advantages accruing from the independent value of My,
are practical and useful, but that no new information is provided
when M, values are calculated from M, data.

(I1-102)
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There have appeared in the most recent edition of “The
Proteins” 59 two lucid and well-organized short accounts of our
subject, one of Van Holde®° and the other by Klotz, Darnall, and
Langerman,®’ related largely to the material in our section II. Both
of these reports form excellent introductions to the subject. In
addition, more detailed treatments are to be found in the Fujita?’
and Magar®4 books and in the Teller review.58

IV. Complications and Experimental Limitations
A. General Considerations

With certain simplifying assumptions, derivations of some
basic equations and a description of the analytical procedures
which are based upon them now have been presented. While
in most cases our assumptions have been shown to possess a
reasonable degree of validity, for others corrections and ex-
tensions may be required in order to obtain more accurate as-
sociation constant data. Three of the more pronounced dif-
ficulties which require consideration are (a) solution nonideality
(already treated by using an approximation which has been
demonstrated to be highly acceptable, (b) pressure effects, and
(c) the presence of one or more additional components, either
inert or not in rapid chemical equilibrium with the main com-
ponent. In one way or another, properly chosen analytical and
experimental procedures may serve to minimize them. Overall,
it is felt that for the present the main problem in an analysis re-
sides more in the accuracy of the data themselves and not so
much in basic theory or in the several methods which may be
used to analyze them.

To this point no estimates of the effect of experimental in-
accuracies on the final conclusions have been attempted. It is
essential to do this in order to judge the significance of the
thermodynamic data which result from the computations; this
is especially true in those cases where an appreciable number
of species is present.

To provide a broader understanding of the use of the sedi-
mentation equilibrium experiment for the study of protein self-
association reactions, mention should be also made of the fact
that with it there are two distinct operational procedures: the
Wales-Yphantis®263 “meniscus depletion’” method and what
we shall term (for want of a better description) the low-speed,
short-column experiment. We note here only that each type of
experiment has its advantages and disadvantages. They have
been considered at length for the meniscus depletion method
by Yphantis. For the second procedure we note that with the
Rayleigh optical system to record the equilibrium redistribution
of the components, the data provided are the relative concen-
trations of solute species over the cell, a disadvantage. However,
there are well-established procedures to obtain ¢ vs. rdata (the
loading concentration, cq, must be determined by independent
means), and this type of investigation can be conducted over a
much wider range of initial solute concentrations, a distinct
benefit. Furthermore, using it, there is little if any need for con-~
cern about possible pressure effects.

The purpose of this section is to present methods of deter-
mining whether one or more complicating effects are present
in the system under study and to give procedures of correcting
for them. As already mentioned, the requirement of correction
for the solution nonideality is generally present. This particular
topic is included in the general description of the analytical
procedures in sections Il and lil. But the question remains of how
experimental inaccuracies in both primary and ancillary data limit
the conclusions which may be drawn about the reaction mech-
anisms.

B. Thermodynamic Nonideality

It is proposed here to present brief mention of the causes for
solution nonideality; it is obvious that if it were possible to
predetermine the magnitude of the second virial coefficient B,
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Figure 3. The effect of thermodynamic nonideality on simulated M1/ M,
vs. ¢ curves for monomer-dimer association: k, = 9.8 dL/g. From
Godfrey and Harrington.54

the whole problem would be greatly simplified. As an example
we reproduce in Figure 3 such curves from an article by Godfrey
and Harrington.® The presence of appreciable nonideality is
often indicated at once by plots of My/M;,, vs. ¢ data for a
simulated monomer—dimer association, with increasing values
of the coefficient BM,. As the coefficient BM; becomes larger,
the curves start to bend upward with the upward slope in-
creasing; at the same time the concentration at which the min-
imum value of M{/M;., appears is shown to decrease. When
the value of BM, is very large, the ¢ value for the minimum in
M,/ My, may become so small that it will be difficult to detect
the existence of any self-association reaction at all. At the in-
termediate values of BM, the nonideality effects might pass
unnoticed if the experiments are performed only at solute con-
centrations below the point where the minimum value of M/ M,
occurs. For this reason, a cursory examination of a My/ M, vs.
¢ (or M vs. c) curve alone is not always sufficient to determine
the presence of the nonideality. Further, the advantage of using
data taken over a wide concentration range is at once made
apparent.

If the self-association reaction has been otherwise established
to be of the simple monomer—n-mer type, the ideal two-species
diagnostic plot may be a sensitive method for detecting the
presence of solution nonideality.’® Another practical approach
is to make use of the procedures given in the preceding section,
allowing for one virial coefficient and determining whether the
value of BM; so obtained is significant.

Similar methods may be used to determine whether an addi-
tional (third) virial coefficient, B,, is required. As an example,
Visser et al.?® plotted the values of (1 — )/ f; against cf, (eq
l1-7 1) for data for the system -lactoglobulin B in acid solutions.
For the data from 15 °C or below, the straight-line portion of the
plot was either very limited or nonexistent, while data for the
higher temperatures gave longer straight lines. Since plots of
the data for the experiments at the lower temperatures by using
the f4 values obtained after correction for both B, and B, gave
much longer straight-line portions, it was concluded that the use
of a third virial coefficient might be advantageous for the inter-
pretation of the data.

Previously, Albright and Williams®® used an extended form
of the Steiner-Adams equation to evaluate their data for certain
acidic systems which contained S-lactoglobulin B as the solute
and under certain solution conditions. With the computational
methods available at the time, it was concluded that the exper-
imental observations could be represented by three parameters,
a dimerization constant and two virial coefficients.

Kim, Deonier, and Williams

After reexamining these data with the aid of newer procedures
for their interpretation, Visser et al.2® concluded that for all values
of the solution ionic strength and pH which had been used it was
possible to find a set of two parameters, a k, and a BM,, which
provided a good fit of the earlier data, without recourse to a third
virial coefficient. Clearly, the adequacy of any given fit depends
on the goodness of fit criterion, and one may question whether,
at this stage of development, the use of a third virial coefficient
can be justified. Actually in the three-component system with
1-1 type supporting electrolyte present, there is reason to be-
lieve that the third virial coefficient will be very small.

Under certain very favorable circumstances it may become
possible to predict an approximate value for the second virial
coefficient. It is generally believed that the main sources of the
virial coefficient in the usual aqueous protein systems at sedi-
mentation equilibrium are the excluded volume contributions and
the charge effects.

1. Excluded Volume

The effect of excluded volume is relatively small and will not
be considered at length.%8 It is obviously a function of the size
and shape of the solute molecule; it depends upon the distance
of closest approach of the centers of mass of two such units.
The problem of computing the magnitude of the effect for a
simple globular molecule is straightforward, but when rigid
rod-like or flexible polymers are involved the situation is quite
different. Too, if the solute units include bound or entrapped
solvent, the partial specific volume must be a composite factor,
really the effective hydrodynamic quantity. In general, a sim-
plified theoretical treatment is required and more often the
precision of a computed excluded volume is hardly sufficient for
application to the problem at hand.

2. Charge Effects

The literature is not without its record of attempts to calculate
the second virial coefficient which is caused by charge effects.
Again because of the necessity of fitting the mathematical
argument to an explicit model rather than to real systems, the
computed values of BM, do not often fall within the range of
those which are seemingly required for the interpretation of the
self-association equilibrium data.

When a charged protein is under the influence of a centrifugal
force, because of the difference in mass between the protein
and the counterion, an electrical potential gradient is developed
in the ultracentrifuge cell; the net result is a reduction of the
effect of the centrifugal force on the protein species. (This is just
opposite to the situation where the counterions “‘pull” or ‘drag”
the charged proteins along during the diffusion process, to make
the diffusion coefficient of the charged protein larger than that
when the protein unit bears no net charge.®7-68) Thus when the
charged protein in water is subject to a sedimentation equilibrium
experiment, the charge effect brings about a redistribution of
the protein such that the apparent molecular weight which results
is smaller than the true quantity. When sufficient electrolyte is
added to this system, charge effects are largely suppressed and
the protein is no longer constrained to be transported together
with its counterions in order to maintain macroscopic electro-
neutrality, and both sedimentation and diffusion coefficients
approach those of the neutral protein. Thus the apparent mo-
lecular weight obtained under this condition should be close to
the true value.

This mutual influence of electrolytes on the sedimentation
equilibrium in ternary systems (water, protein (PX,), supporting
electrolyte) has been studied at length. Following the very early
observations of Svedberg,®® Tiselius,’® and Pedersen,”! a
number of investigators have addressed themselves to the
problem. Of them we mention Lamm,”? Mijnlieff,” Johnson et
al.,”* Williams et al.,2® Vrij and Overbeek,’® Casassa and
Eisenberg,22 and Roark and Yphantis.”®
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In a succession of recent advances due largely to Scatchard,
Vrij and Overbeck, Casassa and Eisenberg, and Roark and
Yphantis, the study of the effect of the binding of solvent mole-
cules and ions has been given most careful scrutiny. They have
established that the sedimentation equilibrium equations for use
with multicomponent systems—written with (dp/d¢),, to replace
the conventional (1 — vp) in the basic equation for molecular
weight—reduce in form to that of the much simpler equations
for two-component systems to yield directly the true molecular
weights. The point-average molecular weights which are used
in the interpretation of the self-association reactions are no
exception; they are just as reliable as the more common variety,
taken over the whole cell. In those cases where the Vrij and
Casassa-Eisenberg procedures are not possible, reference may
be made to Williams et al.?°

In the Roark and Yphantis development, the Scatchard defi-
nition of components has been extended to polydispersed sys-
tems of macromolecules, and to self-association systems, in
which each species possesses identicai charge-to-mass ratios.
The algebra involved is rather cumbersome so that here only the
final equation is reproduced. It is:

1 1

Micr  Muw)
with the coefficients B,, B,, and B; being given in terms of
available significant quantities.

It is an interesting consequence of the Roark-Yphantis de-
velopment that when a 1-1 type salt is added as the supporting
electrolyte, the third virial coefficient vanishes, and when a 1-2
or 2-1 salt is added, the fourth virial coefficient approaches zero.
The maximum protein concentrations below which the several
virial coefficients become negligible were also estimated.

+ 2Bic+3Byc?+ 4By + ... (WV-1)

C. Pressure Effect

The theoretical relationships which have been considered to
this point are based upon the assumption that the interacting
system is incompressible during the ultracentrifugation process.
For the low-speed, short-column case this approximation is valid;
this point has been generally accepted. For the meniscus de-
pletion method, where the angular velocity often reaches as high
as 40 000 rpm, this assumption may not be justified. The general
subject of corrections for pressure has been investigated by
Young et al.”” For the self-association system, if the value of the
molar volume, V, changes during the reaction, the total volume
change is appreciable, and the principle of Le Chatelier dictates
that the equilibrium constant will be shifted in the direction of
decrease in the total volume; this effect should increase with
increasing pressure. Therefore, the association *“constants’” are
no longer constants, but are functions of total pressure and are
thus functions of the radial distance, r. That such a pressure
effect may be appreciable during the high-speed ultracentrifu-
gation of a reacting system with 10-mm solution columns has
been gradually realized.”®-%3 For instance, a dramatic pressure
effect has been described by Kegeles et al. (Table | of ref 78).
Although some of the values of AV listed in their discussion may
be regarded as being extreme, values of the order of a few
hundred mi/mol are not altogether unreasonable.

An interesting study of the possible pressure effect on the
sedimentation equilibrium distribution of interacting solutes was
carried out by Kegeles et al. for the heterogeneous reactions.
Howlett et al.®" have described comparable studies on self-
association reactions. Any appreciable pressure effect will
cause the failure of the apparent average molecular weight data
taken at several different initial loading concentrations and at
different rotor speeds to superimpose to form a single smooth
curve of My, vs. c. This arises since at different initial con-
centrations or speeds, a given concentration will appear at dif-
ferent r values. Thus, association constants corresponding to
these points will be apparent quantities which are functions of
the pressure.
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The effect of pressure on the equilibrium constant may be
described by the following equation®?

P
K = K, exp(— j; rAR—‘T{dP>

Upon integration, with the assumption that AV is independent
of P, and remembering that P, — P., = 1/2[pw?(r? — r,?)], this
statement becomes

(IV-2)

/ 2
Kin = K., exp[— AVpe? o _ rf)}

RT 2 (1V-3)

In these equations, K(r) is the association constant at r where
the pressure is P,; K(r,) is the association constant at the me-
niscus. The pressure at this point, P, , is equal to the atmospheric
pressure; K,, is equivalent to the association constant in the
absence of the pressure effect. When eq |I-19 is introduced into
eq V-3,

Cra _AVpw?
RT 2

Cn _

(I‘2 - ra2)
c?  c1a?

(IV-4)

For a monomer—n-mer system, the law of the conservation
of mass must hold, so that
Q=0+ Q, (IV-5)

where Q is the total amount of the solute in the cell, and Q; is the
total amount of species 7 in the cell, which is given by

b
Q = h f cirdr (IV-6)
a
Integration of this equation yields
Q' = ch'0[1 + expliAiM(a2 — b2}/ 2iA;My  (IV-7)

In these equations A’ is the cell thickness and 8 is the cell sector
angle in radians. Now

Q _cmll— exp{nA,My(ra® — r®}1(H'8)'~"(2AMy)"
Q4" C1p"[1 — expAMy(ra2 — 1,?)] "2nA,M;

=X
(1v-8)

The ratio ¢,/ C1," in €q 1V-8 may be obtained by using eq IV-4
with r = b, thus permitting the evaluation of the factor x. From
eq IV-5 and IV-8 it follows that

XQi"+ Q;— Q=0

which may be solved for Q4. From eq IV-7 the c;; may be eval-
uated; thus the application of eq 11-69 should give ¢4. From eq
1I-73, IV-5 and V-7 one may obtain c,, and the use of eq Il-41
gives the value of M,,(c). The result of such a calculation for the
monomer—dimer case (Figure 2 of ref 83) indicates that the
failure to form a single continuous curve of My vs. c data by
several experiments at different rotor speeds may be caused
by the pressure effect.

Howlett et al.8% have extended their earlier treatment to
nonideal systems; certain of the results are presented in Figure
4. Here the computed values are compared with their own ex-
perimental values which were obtained for lysozyme solutions.
Experiments with different initial loading concentration and rotor
speed did indeed give discrete curves.

Harrington and Kegeles”® pointed out that for the meniscus
depletion method, the region where the concentration gradient
is large, thus leading to large errors in the data, is also the region
where an appreciable pressure effect may be present. Thus any
deviation from the behavior expected for no pressure effect may
very well arise from experimental errors. Even though a method
of correction for the pressure effect is available, it may not al-
ways be clear when the method should be applied. Perhaps the
surest way of detecting a pressure effect is to perform the ex-
periments at several different rotor speeds, and without dis-
sembling the cell.
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Figure 4. The apparent weight-average molecular weight of lysozyme
in diethyl barbiturate buffer at pH 8.0, / = 0.15 and at 15 °C: @, initial
concentration 0.2804 g/dL, 20 000 rpm; O, initial concentration 0.7237
g/dL, 15 000 rpm; A, initial concentration 1.1068 g/dL, 11 000 rpm.
The solid lines were computed employing values of kx(a) = 0.24 dL/g,

= —4 X 1076 dL/mol of monomer of molecular weight 14 400, and
AV = —0.03 mi/g. From Howlett et al &3

D. Effect of Solute Impurity

As has already been indicated one of the characteristic
properties of a self-association system is that the apparent
weight-average molecular weights, obtained from different ex-
periments at varying initial concentrations and rotor speeds,
when plotted against ¢, must lie on a single smooth curve.
However, discontinuous M, vs. ¢ curves have been reported
in a number of cases even where pressure effects are pre-
sumably absent. It has been suggested, and in several instances
demonstrated, that solute heterogeneities can also give rise to
this type of discontinuity. This conclusion stems from the finding
that certain unpurified protein solutions which initially gave
discontinuous M, vs. ¢ curves later have exhibited continuous
smooth curves following rigid purification procedures. The term
“impurity” is here defined as any minor solute which is inert with
respect to the main self-association reaction.

Teller*® and Deonier®2 have presented provisional thermo-
dynamic treatments of the situation by considering an ideal
dimerizing system where a fraction of the solute is irreversibly
aggregated monomer. The essence of these treatments is to
obtain the concentration of the self-associating component and
of the impurity in terms of the original total concentration and
the radial distance. From them, the M, values as a function
of ¢ are computed. The concentration of the dimerizing com-
ponent may be obtained from eq !I-78 and eq 1-82 after the
quantity ¢? in the latter equation is multiplied by the fraction of
the associating component which is present. The equation of
Rinde (eq I1-83) gives the concentration of the impurity when the
quantity ¢;° in this equation is substituted by the total concen-
tration of the original solution times the fraction of the impuri-
ty.

Deonier calculated the values of My’ M, as a function of kxc
for several cases, each of which contained different types of
inert homogeneous impurities. A representative example is
provided by Figure 5. This diagram provides clear evidence that
the presence of impurity does indeed give discontinuous
Mycy/ M1 vs. ¢ curves when results from experiments performed
at different initial concentrations are plotted. He also observed
that the curves for individual experiments may be concave up-
ward, concave downward, and even may show inflection points
depending on the molecular weight, fraction of the impurity etc.;
all of those have been observed with real systems. He noted as
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Figure 5. The effect of an impurity to the ratio M,/ M, plotted against
kac; 2% of the protein is assumed to be present as the impurity with
molecular weight of 4M,. Here MyA = 1. in each curve, the values of
koo are: (A) 0.05, (B) 0.10, (C) 0.20 and (D) 0.50. The broken line
represents the value of M)/ M, that would be observed if the solute
has no impurity. From Deonier.32

well that the several experimental curves lie above the My .,/ My
vs. koc curve that has been obtained for the corresponding
system from which the impurity had been removed. Thus he has
questioned the propriety of analyzing data on the basis of a
polynomial fitted through the actual data points in some manner
as has been done repeatedly in the literature.84.85 Clearly, the
pattern of such discrepancies will be more evident if the ex-
periments are performed at a single rotor speed and at constant
solution depth.

E. Some Observations about Obtaining the
Primary Data

It has been already mentioned that the primary data from the
equilibrium ultracentrifugal study of a self-associating system
are, according to eq 11-38 and II-73, either n or dn/dr as a function
of r.

Since there is no direct way to determine the concentration
of the several solute species following the attainment of equi-
librium, indirect methods must be employed. Of the refracto-
metric techniques, the most commonly used ones are the
Schlieren and the Rayleigh optical systems. The much more
sensitive Rayleigh procedure was first successfully applied to
diffusion studies,6-88 and it was later adapted to ultracentrifu-
gation,59-92 leading to a dramatic increase in the precision of
the sedimentation equilibrium experiment. It is this increase in
the precision, along with the decrease in time required to ap-
proach sedimentation equilibrium by using short solution col-
umns, which has brought about a strong resurgence in the use
of this method in general. To a large extent, it has been these
two factors which have made possible a quite good analysis for
self-association systems.

The evaluation of the Rayleigh pattern to provide solute
concentration vs. radial distance in the cell (¢ vs. r) data has been
described in several places. A particularly lucid description of
the subject is to be found in a treatment of the sedimentation
equilibrium methods by Van Holde.?® In another useful source
Schachman® has described it, along with several other optical
systems, with directions for their use. (For instance, an early
account of the automatic direct recording, scanner absorption
device is here included.)

F. Determination of Monomer Molecular Weight

in the study of self-association reactions, a predetermination
of the monomer molecular weight, while not actually required,
is an important consideration. This quantity may be obtained
separately or it may evolve during the course of the analysis of
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sedimentation equilibrium data for a self-associating system.
In principle, a plot of the M, vs. ¢ curve should yield the value
of M, at infinite dilution. However, the customary extrapolation
procedures are often hazardous, particularly for the systems with
strong association tendencies, because the error in M, at low
concentrations is large, and can lead to errors in M, as large as
100%.

The monomer molecular weight, M;, may be obtained during
the curve fitting process with ¢ vs. r plots. An analysis by using
synthetic data has indicated that the estimated value of My may
agree to within about 1% of the true value.

For some proteins, solution conditions can be found in which
the protein exists entirely in the monomer form. In this case the
value of M, can be obtained in the conventional way by deter-
mining several M, values at different concentrations and then
extrapolating these data to infinite dilution in a separate and
carefully controlled series of experiments.

Another, but less common, procedure is to perform the sed-
imentation equilibrium experiment in 4 M guanidine hydrochloride
or in a 8 M urea system.®5-% |f an appreciable amount of second
solvent is specifically bound to the solute in a ratio which is
different from that of the bulk solution, the apparent change in
density may introduce a significant error unless suitable ex-
perimental and computational methods are applied.

For chymotrypsinogen A, by using a new and ingenious ex-
perimental approach, La Bar®’ did observe an agreement to
within 1% between the value of M, from the amino acid content
and from his sedimentation equilibrium experiment.

G. Propagation of Errors: Computation of
Average Molecular Weights and Other
Quantities

1. Weight-Average Molecular Weight

The value of the quantity M), a point average, may be taken
directly from sedimentation equilibrium experiments performed
at several different initial solute concentrations. The M, data
as a function of concentration are calculated by using the basic
sedimentation equilibrium equation, eq I-38. Before the Rayleigh
optical system came into genera!l use, the molecular weight data
were often taken from the slopes of In ¢ vs. r? plots, but com-
puted in this fashion, they are hardly accurate enough for the
study of seif-association behaviors when Schlieren patterns are
used. In terms of Rayleigh fringe data, eq 11-38 may be rewrit-
ten

AR 2

M, = d[In (Js + A)]/2Ad <ra + é)
so instead of the In ¢ vs. 12 plots, Rayleigh fringe numbers vs.
radial distance data are used directly for the evaluation of M,
In this equation

c=(Jy+ AVN AR
and
r=r,+ AX/G

In these two definitions, J, is the fringe number at the me-
niscus, AJ is the total fringe number, h is the thickness of the
solution column, A is the wavelength of the light used, R (the
refractometric increment) = dn/dc, r, = radial distance at the
meniscus, and Ar = AX/G, with G being the magnification
factor. For the evaluation of the derivative d In (J, + AJ)/d(r, +
AX/ Gy several different procedures have been described. First
of all, this quantity may be obtained directly from the slopes of
the In (J, + AJ)vs. (r. + AX/G)? plots; they correspond to the
earlier In c vs. r?2 diagrams. Such plots usually show very little
curvature, so Hancock and Williams®8 have sought to increase
the accuracy by plotting A In (J; + Au), the difference between
the In (J; + AJ) at a fixed (r; + AX/ G)? value which lies half-way
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between the first and last data points, against (r, + AX/G)2. The
derivative of this difference function is then taken at a number
of points.

In an alternative approach Van Holde et al.® and Teller et al.3”
represented the data by a three of four term polynomial, which
could then be differentiated analytically. Cassman and
Schachman®® used the Dyson5? computer programs to analyze
the molecular weight distributions in making a selection of a
self-association model for the beef liver glutamic dehydrogenase
system. Also, instead of using all the data points from an ex-
periment, Roark and Yphantis®® have taken five adjacent data
points and obtained the slope of the line through these points by
using a least-squares process. They found that this slope is equal
to the slope at the central point, as calculated from the first
derivative of a quadratic representation of the curve through the
five points.

As already mentioned, the random error in the determination
of Jis about £0.02 fringe. In order to discuss the propagation
of this error to the determination of M., it is convenient to
conduct the analysis by using the expression of (dJ/dr?)/J rather
than its equivalent form of d In J/dr?. Since the magnitude of
scatter in J is independent of the solute concentration at mod-
erate concentrations, it is expected that the extent of the scatter
in dJ/dr? will be about the same at all concentrations. However,
since each measure of this random error is divided by J, the
scatter in the value of (dJ/dr?)/J = d In J/dr? may be expected
to be concentration dependent. Thus the random error in My,
at a low concentration is larger than that at a higher concen-
tration. This was demonstrated in a model calculation by Roark
and Yphantis, using data which had been obtained by the me-
niscus depletion method. Roark and Yphantis estimate the
random errors in M, to be about 1% except at very low con-
centrations, where they may become as large as 6 %.

It was mentioned earlier that the error in (1 — vp) may be as
high as 1% . This may be expected to be a major source of the
systematic error in M., Therefore we may conclude that be-
yond the first several fringes the precision and the accuracy for
the weight-average molecular weight data may be as low as 2%,
but in regions of high dilution the error will be appreciably en-
hanced. Added to this will be errors in the initial concentration,
when experiments from several different initial concentrations
are used to produce a curve of My, vs. c.

2. Number-Average Molecular Weight

According to eq II-50, the evaluation of the apparent num-
ber-average molecular weight involves the computation of the

quantity:
1 c
. fo (1/M) dc

The process of numerical integration may increase the error;
it causes a greatly magnified effect at the lower concentrations,
as shown by mode! calculations of Roark and Yphantis.3¢ These
workers estimated that the random errors beyond several fringes
to be about 2%, but at the lower concentrations the error could
be even greater than 15%. If experiments from several different
initial concentrations are pieced together, errors can arise from
the manner in which slight discontinuities are treated. If initial
concentration errors are random and a relatively large number
of experiments have been performed, such errors will tend to
cancel at high concentrations.

3. z-Average Molecular Weight

The evaluation of z-average molecular weight involves the
differentiation of the product of cM;,., with respect to c. The
process of differentiation itself increases the error. The multi-
plication of Ms, by ¢ increases the error, which is roughly
proportional to the total solute concentration. Since the error
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TABLE V. Sedimentation Equilibrium (and Approach to Sedimentation Equilibrium) Studies of Some Selected Self-Association Reactions

Kim, Deonier, and Williams

System Solvent t°C M;  Stoichiometry Ref
Purine 4.9,9.9, 14.9, 19.9, 120 Indefinite 16
24.9

Cytidine 25 243.2 Indefinite 9

ATP NaCl (0.154 M) 10, 16, 20, 25, 30 4927 1-2-3 111

Glucagon 0.2 M phosphate, pH 10 25 3 500 1-2-6 84

Hemerythrin Tris—cacodylate, pH 7.0, / = 0.15 5,25 13 500 1-8 109
Lysozyme 0.15 M NaCl-0.005 M NaH,PQ,, pH 6.7 15, 25 14 300 1-2 27a

Na cacodylate, / = 0.20, pH 6.7 25 14 300 1-2 or 55

isodesmic
0.005 M NaH,PO,4, 0.005 M Na,HPO,4, 0.15 M NaCl, 15 14 400 1-2o0r 1-2-2 40
1=0.17,pH 6.7

-Lactoglobulin A 0.1 MNaCl + 1073 DTT 5,9.8, 20 18 4222 1-2 104

3-Lactoglobulin B NaCl-HCl, pH 2.58, 2.20, / = 0.1, 0.15 25 18 400 1-2 65

NaCl-glycine, pH 2.64, / = 0.16 5, 10, 15, 25, 35.5 18 336 1-2 23

B-Lactoglobulin C 0.2 M glycine, pH 2.46, / = 0.1, 0.2 10, 16, 20, 25 18 344 1-2 107

0.1 M, 0.2 M acetate, pH 4.65, / = 0.1, 0.2 23 18 344 1-2 108

a-Chymotrypsin Na,HPO4~NaH,PO,4, pH 6.2, / = 0.2 20-25 (23 000) 1-2-3 47,

27

Tris-HCI, KCI, pH 8.3, / = 0.05 25 Indefinite 129

NaCl-NaAc, pH 2.8-5.5 25 256002 1-2 120

0.178 M NaCl-0.01 M HAc, pH 4.12 0, 5, 10, 15, 20, 25, 1-2 123

30, 35
Chymotrypsinogen A Vernal buffer, pH 7.9, / = 0.03 25 25600 1-2-3or 98
Indefinite
Aldolase® (rabbit muscle) 0.2 M Tris-HCI, 1.2 M MgCly, pH 7.2 20 40 500 1-2-4 130
D-Glyceraldehyde 3-phosphate 0.1 M Tris, pH 7.0 5 72 000 2-4 131

dehydrogenase (rabbit muscle)

Glutamic dehydrogenase (bovine liver) 0.05 M Tris-0.1 M NaCl, 0.128 M EtSH, EDTA, pH 4

6.65,7.2,8.0
Myosin 0.5 M KCI-0.2 M K,HPOQ,, pH 7.3
in M) at low concentrations is larger than it is at higher con-
centrations, the net result is that the scatter in M, at low con-
centrations as well as at high concentrations is larger than the
scatter at the intermediate ones. This effect is also apparent in
the calculation of Roark and Yphantis who estimated the error
in the intermediate concentration range to be about 5%. It is well
to note, however, that these error estimates are based on sim-
ulated data, and that errors may be enhanced for actual exper-
iments.

4. Other Experimental Quantities

Inspection of eq II-67 indicates that the scatter in the quantity
—y is about the same as that of the z-average molecular weight,
but the scatter at very high concentration should be much larger.
Also eq II-867 suggests that the scatter in the quantity in @ will
be about the same as it is in the case of the number-average
molecular weight.

V. Tests of the Several Computational Methods
with Experimental Data

In testing the application of the several computational methods
with experimental data some arbitrariness of choice of system
is inevitable. The approach we have adopted is to consider in
reasonable detail some selected records of experiments which
illustrate different types of systems and instances where special
problems are presented. For example, hemerythrin is quite
unique in its mode of association; ATP presents an unusual sit-
uation because of its high charge; and lysozyme, purine, and
chymotrypsinogen A are substances which are subject to weak
associations. The genetic variants of S-lactoglobulin have been
popular subjects of investigation, largely by light-scattering and
sedimentation equilibrium data, but often with conflicting inter-
pretations.

All of the substances here considered are biological materials
which are amenable to a high degree of purification, an advan-
tage for quantitative studies. Some possible systems have been
eliminated from the survey since their stoichiometry is too

324000 1,3,1-2-3 99
6 458 000 1-2 64

complicated to decipher in view of the present limitations in the
accuracy of the data or the purity of the solute; insulin is a case
in point—others are not included simply because of space
limitation.

In Table V we present a list of selected substances for which
relatively complete studies have been made. (Certain information
which has been obtained by using the approach to sedimentation
equilibrium method is also included in this table.) It is to be un-
derstood that they represent but a very small portion of all the
substances which are known to undergo dissociation-associ-
ation reactions. And even in the case of those systems listed,
the experiments were performed under a limited set of condi-
tions, and in order to understand better the nature of the self-
association reactions, the investigation may have to be carried
out over wider ranges of solution compositions and tempera-
tures.

To this point we have considered the general procedures by
which the stoichiometry and association constants of self-as-
sociating systems are obtained. In addition to this, the errors
involved in the procurement of the primary and secondary data
have been the subjects of a cursory analysis. It is thus a purpose
of this section to test the application of certain of the procedures
which have been described to study the analysis of actual ex-
perimental data and to estimate the errors in the stoichiometry
and the association constants which have been obtained.

Before beginning brief descriptions for the self-association
behaviors of each of the selected biological materials, it is im-
portant to remind ourselves that a goal of the experiments is to
provide some degree of thermodynamic and stoichiometric
understanding of the reaction. As indicated, the equilibrium
constants and second virial coefficients which characterize the
behavior in any system are dependent upon the conditions, pH,
ionic strength, and temperature of the aqueous solutions in which
they are dissolved; even the chemical nature of the buffer re-
quires specification. Then, there are accessible criteria to as-
certain whether the associating material is pure, whether
pressure effects are small enough to be neglected, and whether
the reaction is a rapidly reversible process; all must be applied
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TABLE VI. Association Constants and Virial Coefficients of -
Lactoglobulin B at Different Temperatures

Least-squares

AFVR method? procedure? Chun et al.©
t, °C BM, ko, dL/g BM, Ko Ko
10 0.105 53.5 £ 15.1 0.105 52 42.3
15 0.109 38.9 £ 10.1 0.110 40
25 0.110 231+ 25 0.108 220 21.4
35.5 0.111 104 0.8 0.111 10.2

2 Equation !1-80. © Equation I1I-75. ¢ Equation I11-70.

before any mathematical interpretation of the data can be
meaningful.

The order of presentation is arbitrary, with the simpler cases
receiving the earlier attention.

A. The (3-Lactoglobulins A, B, and C

The self-association behavior of solutions of three of the
genetic variants (A, B, and C) of 3-lactoglobulin has been rather
extensively studied by the sedimentation equilibrium method.
In three subsections below we survey briefly representative
accounts of researches with each one of these variants.

1. B-Lactoglobulin A (3-A)

As is the case for the B and C genetic variants, the associa-
tion—dissociation behavior of 3-A is responsive to the pH of the
solution. Below pH 3.5, the nearly spherical monomer, ap-
proximately 18 400 in molecular weight, is in rapid chemical
equilibrium with the dimer. The sedimentation equilibrium studies
of Tang and Adams %0 of 3-A at pH 2.46 (in 0.2 mol/L glycine)
and at several temperatures are consistent with a monomer-
dimer association mechanism. Using this model, they obtained
values of the association constants and the second virial coef-
ficients at 11, 16, 20, and 25 °C.

At higher pH values the self-association behavior for this
protein becomes more complicated. From the earlier light-
scattering and sedimentation transport studies, Timasheff and
Townend %1 had concluded that 90% of 3-A dimer is in equi-
librium with octamer between pH 3.7 and 5.2 and at several
temperatures (4.5, 8, 15, and 25 °C). More careful light-scat-
tering studies in this pH region were later carried out under the
same solution conditions by Kumosinski and Timasheff.'%2 They
concluded that there is no inert component in 3-A as had been
earlier suggested and that the data can be best described in
terms of a monomer—dimer-tetramer-hexamer-octamer re-
action. However, the results of sedimentation equilibrium studies
by Adams and Lewis” at pH 4.6 in acetate buffer at 16 °C have
indicated that the monomer apparently undergoes indefinite
self-association. Thus decision as to the mode of association
of 3-A between pH 3.7 and 5.2 remains unresolved, a perhaps
not surprising conclusion because to differentiate between a
1-2-4-6-8 reaction and an indefinite association requires ex-
ceedingly precise data. A pertinent discussion of this matter, with
additional references, has been presented by McKenzie and
Nichol, 103

Above pH 5.2, the 3-A species larger than dimer disappear.
The monomer—dimer reaction was studied in 0.1 M NaCl-10~3
M dithiothreitol solution (pH 5.2) and in Na,HPO 4,—KH.PO 4 buffer
solution (pH 7.0, /= 0.1)at 5, 9, 8, and 20 °C by Kelly and Re-
ithel, 194 again with the sedimentation equilibrium method.

2. B-Lactoglobulin B (3-B)

Although we shall be mainly concerned here with a discussion
of the data (in NaCl-glycine buffer, pH 2.64, / = 0.16) obtained
by Visser et al.,2® earlier sedimentation equilibrium experiments
by Albright and Williams®® at the single temperature of 25 °C
and under slightly different solution conditions (in NaCI-HCI, pH
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Figure 6. The association constant k, of 3-lactoglobulin B (pH 2.64,
/ = 0.16) as a function of concentration. These values were calculated
from the interpolation curve at 25 °C by use of the AFVR method (eq
I1-72). From Visser et al.2®

2.2and 2.58, / = 0.1 and 0.15), had established that (1) this is
a self-associating system from the fact that the values of M;,
show a rapid initial increase with concentration, (2) the solution
nonideality is substantial because the M., values at the higher
concentrations reach a maximum value which is much smaller
than the molecular weight of the dimer and subsequently de-
crease with increasing concentration, (3) the reaction is rapid,
and (4) the effects of solute impurity and pressure are negligible.
Their analyses®® also supported the stoichiometry of mono-
mer—dimer reaction which was originally deduced by Tow-
nend'% et al., using light-scattering determination in acid solu-
tions.

The experiments of Visser et al.22 to study the self-association
of 3-B were conducted at 5, 10, 15, 25, and 35.5 °C; the actual
M. vs. ¢ data at these temperatures are presented in the
original report. Plots of these data at 15 and 25 °C have been
reproduced in Figure 1. The monomer molecular weight, M;, was
taken to be 18 336 g/mol on the basis of amino acid composi-
tion.1%¢ Although diagnostic plots such as proposed by Chun et
al.’® were not yet available for this system, the earlier studies
by light-scattering and sedimentation equilibrium had strongly
indicated that a monomer-dimer process is involved. If one
assumes that an uncomplicated nonideal monomer-dimer re-
action is involved, there are two quite simple general methods
available for the evaluation of k; (cf. section lll). One of these
methods is based on the use of M, vs. ¢ data with the appli-
cation of the Adams and Fujita equation,'° in either of two dif-
ferent forms (eq Ill-75 and 11I-80), and a second general proce-
dure combines the quantity M, with another quantity which is
derived from it, either My, or f,3. The quantity BM; may be first
evaluated by using eq Ill-74, or this may be eliminated at once
by using eq Il-25 (or eq lII-26).

Of these four specific analyses, three were tested by Visser
et al. In the first one in which eq lll-75 was employed with eq
11-76 as the ‘‘goodness of fit'’ criterion, a least-squares proce-
dure was used to minimize x? with respect to each of the pa-
rameters, ko and BM,, simultaneously. The value of ¢ is taken
to be 350 g/mol. The final results are summarized in Table VI.
For the method which utilizes eq 11I-80 (AFVR method), data
taken from the interpolation curves of Figure 1 were employed
for the calculation of k,. The value of the quantity BM, was ad-
justed until a least-squares fit of ko vs. ¢ to a straight line yields
the value of slope zero. In Figure 6 is presented an example of
this type of plot.

Some of the results which were obtained from these calcu-
lations are also included in Table VI. An estimate of errors given
in this table may be obtained from Figure 6. It is to be noted that
the agreement between the results from the two analytical
methods is very good, certainly well within the estimated errors.
This is to be expected since the two methods make use of var-
iants of the same fundamental equation. For the same reason
the errors of these two methods may be expected to be about
the same. The random errors in ko given in Table VI are generally
somewhat larger than 10%. This is the value to be expected
from an error of 2% in My,
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Figure 7. The apparent weight-average molecular weight of 3-lacto-
globulin C in glycine buffer (pH 2.45) plotted against concentration data
at 10, 16, and 25 °C. Curves A: /= 0.1, 10 and 25 °C; Curves B: / =
0.2, 10 and 16 °C. From Sarquis and Adams, 197

The third method, the graphical one which was used by Visser
et al.23 is a procedure developed by Chun et al.,3° and in which
M, and M, data are combined (eq 111-25).38:37 First of all, eq
l1-25 and eq NI-92 are used to evaluate f; as a function of ¢; then
the quantity (1 — f4)/ f; is plotted against cf; (eq IIl-71, n = 2) to
obtain a straight line which should pass through the origin. The
value of k; is then obtained from the slope of this straight line.
Visser et al.2® observed that the (1 — f)/ f; values for the lowest
temperature provided a linear plot over a restricted domain, and
that the curves did not pass exactly through the origin. At the
higher temperatures, the linear portions were more extended
but still they did not show the proper limiting behavior. It was
found that the reconstructed M, vs. ¢ data, taken from values
of k, and BM, obtained from the linear portion of a given curve,
deviated appreciably from the experimental curve in the region
of lower concentrations. The values of M, were then readjusted
by a correction to the number of fringes within this low con-
centration range, and new values of My, were calculated by
using these new apparent weight-average molecular weights.
When the newly calculated £, values were used for the plots of
(1 — f,)/f; against cfy, the curves so obtained were almost linear
over the whole concentration range and they did pass through
the origin. The association constants obtained in this way are
also presented in Table VI. It is seen that these values agree with
those obtained by using the AFVR method, within the estimated
errors of the latter method. Since the random error in obtaining
In £42 is about the same as that for M), the procedure of com-
bining Ma,, and In f,2 should give about the same error in k, as
is the case for those analyses in which both M, and M, data
are utilized. Also it is expected that the procedure of combining
M) and f,2 to obtain the value of BM, by successive approxi-
mation (eq 11I-74)25 should provide for about the same accuracy
as in the procedures just discussed.

This discussion suggests that the procedures which derive
from the M, vs. ¢ data alone are probably at least as precise

Kim, Deonier, and Williams
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Figure 8. Test of monomer-n-mer association of 3-lactoglobulin C in
0.2 mol/L glycine buffer (pH 2.46, / = 0.1 and 0.2) at 10 °C. Evaluation
of the association constant, k,, for monomer—-n-mer associations (n
= 2, 3, 4) from a plot based on eq W-64. From Sarquis and
Adams. 107

as those which employ either My, or In f;2 vs. ¢ data in com-
bination with M. Actually the latter methods seem to suffer
from the cumulative errors (arising from integration of the
quantity M/ Mg, in the very low concentration region).

The curve-fitting method and AFVR method give comparable
results, and the basis of any choice between them might be
convenience. For systems where the mode of association is
rather uncertain, the AFVR method may be preferable because
graphical displays such as Figure 6 may quickly reveal unsus-
pected trends in the data.

3. B-Lactoglobulin C (8-c)

Sarquis and Adams 97 have reported sedimentation equitib-
rium experiments for solutions of the 3-C variantin 0.1and 0.2
mol/L glycine buffers (pH 2.45) at 10, 16, 20, and 25 °C, using
both the meniscus depletion and the low-speed-short-column
methods. The Mi, vs. ¢ curves for solutions at both ionic
strengths and at two of the temperatures are presented in Figure
7. The monomer molecular weight was taken to be 18 344 g/
mol, again from the amino acid composition.96.197 Although the
maximum value of M, for 3-C at 25 °C is much smaller than
that of 3-B at the same temperature, the plots for these two
proteins are very similar in general form. This, in turn, suggests
that the 8-C system is one of rapid dimerization, with an ap-
preciable second virial coefficient.

The M‘Sv(c) vs. ¢ data were analyzed only by the method which
makes use of eq llI-25, 1lI-71, and I-92. Plots of (1 — f)/f
against {cf;)"~ " are given in Figure 8 for n = 2, 3, and 4. It is
noted that for both ionic strengths the plot for n = 2 gives the
best fit straight line and one which passes through the origin,
suggesting that this is a monomer-dimer reaction. In Table VIl
are presented the association constants and the virial coeffi-
cients thus obtained. It is to be noted that the linear plots of Figure
8 pass nearly through the origin without prior adjustment of M,
in the low concentration range. This behavior is in contrast to
that for 3-B. The results are summarized in Table VII.

The analysis performed by Sarquis and Adams was based on
a smooth interpolation curve drawn through the data points. An
advantage of the AFVR method (eq IlI-80) is that k» can be cal-
culated point by point, without the need of an interpolation curve.
When we used this method to analyze the original data of Sarquis
and Adams, discontinuous curves were obtained, reflecting
deviation of portions of the actual data for several concentration
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TABLE VII. Association Constants and Second Virial Coefficients of
B-Lactoglobulin C in 0.2 M Glycine Buffer (pH 2.45)

t,°C BM;, dL/g kg, dL/g Ko, L/mol
I=0.1

10 0.146 27.2 24.9

16 0.128 14.3 13.1

20 0.137 11.4 10.5

25 0.123 5.9 5.4
1=0.2

10 0.080 60.1 55.1

16 0.080 45.7 41.9

20 0.081 40.1 36.8

25 0.070 27.2 24.9

intervals from the monomer-dimer curve. For ionic strength 0.2
and 10 °C, we find k; ranging from 53 to 111 dL/g for the ex-
periment having the lowest initial concentration. At intermediate
concentration ranges, ko values ranged from 39 to 103 dL/g in
one case, and from 62 to 116 dL./g in another. We obtained k»
= 67 + 20 di./g when all available data points were used, to-
gether with BM, = 0.080. The average value for k; obtained in
this way agrees quite well with the value obtained by Sarquis and
Adams (60.1 £ 0.2). The standard deviation is much larger,
because prior smoothing of data was not performed.

There are two points to be emphasized. First, the plot of k;
vs. ¢ is very sensitive to slight discontinuities in the M;, vs. ¢ plot.
in this case, when experiments at adjacent concentration in-
tervals fail to overlap by 1000 g/mol (about 3% error), the ko
values at some concentrations can differ by almost a factor of
2. This indicates that very accurate M, data are required even
to obtain k, with an accuracy of 25-50% . Second, experiments
shouid be performed over a wide concentration range. In this
case, the average k, calculated from the experiment at the
lowest concentration is 88 £ 25 dL/g, while k; for the highest
concentration range is 50 & 13 dL/g. Thus, failure to perform
experiments over a wide concentration range could lead to se-
rious errors. The AFVR method allows easy and direct calcula-
tion of errors in k, and provides for direct checks for internal
consistency in individual experiments.

At an ionic strength of 0.1 and at 25 °C, the effects of non-
overlap were smaller, and we obtained BM; = 0.143 dL/g and
k, = 6.0 & 0.3 dL/g, which agrees well with the results from
Sarguis and Adams.’°” When the smoothed data for 10 °C and
ionic strength 0.1 were used for this calculation, a plot similar
to that in Figure 6 was obtained, and from this a value of k, =
23 £ 2 dl./g resulted, which again agrees well with the value
reported.

The association constant for the dimerization was also ob-
tained by us from ¢ vs. r data which were provided by Professor
Adams, using eq Hi-30. The results for ionic strength 0.1 and 25
°C are presented in Figure 9. The upper line represents the
behavior for the assumed ideal case, and the lower line is for the
case of BM; = 0.123 dL/g. This value, taken from Sarquis and
Adams for 8-C under the same conditions, apparently gives a
horizontal straight line, again suggesting that the dimerization
model is correct. The quantity A used here was also taken from
the article by Sarquis and Adams.'®” From this plot one obtains
C1a = 0.155 4 0.002 g/dL. The k, value follows directly by using
the expression k, = (¢, — C1a)/(C1a)% The final result is k, =
5.6 & 0.2 dL/g which agrees very well with the value obtained
by Sarquis and Adams. The data obtained from other experi-
ments under the same conditions but at different initial loading
concentrations, however, gave somewhat different k, values.
The discrepancies between them were larger than the expected
errors. These calculations were repeated for the system at ionic
strengths 0.1 and 10 °C. Unlike the results from the AFVR cal-
culation of the data obtained under the same conditions, the ¢4,
vs. r plot gave a reasonably straight horizontal line with BM{ =
0.146. The k, value thus obtained from this plot is 20.4 & 0.5
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Figure 9. Graphical determination of association constant, k,, of 3-
lactoglobulin C in 0.2 mol/L glycine buffer (pH 2.46, / = 0.1) at 25 °C,
using ¢ vs. r data. This plot was obtained by using eq !1l-28; and the
association constant is readily obtained from the relation k, = (¢, —
C1a)/c1a2-

dL/g. Although this value is somewhat different from the value
given by Sarquis and Adams, it agrees reasonably well with our
value which was obtained by using the AFVR method.

In comparison, it is to be noted that the direct use of c vs. r
data gives, as expected, better internal consistency. However,
the discrepancies between the k, values obtained under any
given condition but at different initial concentrations are larger
than can be accounted for by the experimental errors. For the
procedures which involve values for M, or f12, which are ob-
tained after an integration step, a smoothing of M, vs. ¢ data
is required. Since one might prefer not to adjust the ¢ vs. rdata,
the inherently superior method based on such data would be
sensitive to even small complications such as the presence of
a small amount of impurity, and this would affect the whole
analysis. Any tendencies toward discontinuity in the My, vs. ¢
curve would be seen immediately and further purification could
be undertaken.

In an interesting sequel Sarquis and Adams'%® have described
the self-association of 3-C in acetate buffer at pH 4.65 at the
same four temperatures, 10, 16, 20, and 25 °C, and at ionic
strengths 0.1 and 0.2. It was noted that the association of 3-C
did not proceed beyond the dimer stage, in marked contrast to
that of 3-A under substantially the same conditions; further, its
self-association constant, k, = 2.1 X 108 dL/g, is independent
of temperature and ionic strength. The self-association tendency
is found to be much stronger in the acetate buffer as compared
to that in the glycine buffers.

B. Hemerythrin

For a two-species association system, it might have been
expected that the errors in k, would increase with increasing
values of n, the number of monomers per oligomer, but it seems
not to be the case. In order to examine this problem we have
elected to consider the self-association studies of hemerythrin,
as reported by Langerman and Klotz.'°® In Figure 10 we repro-
duce their plot of M, against ¢ for certain of its solutions. The
molecular weight of the monomer is 13 500.7%° From Figure 10
it appears that the monomer associates into an oligomer, or in
oligomers of up to octamer. From the initial steep increase in
M) with increasing c, the presumption is that the association
constant is large. (This diagram also indicates that the monomer
molecular weight must be obtained by methods other than the
extrapolation of the M, vs. ¢ curve to ¢ = 0. This is primarily
because for a monomer-n-mer reaction with large n, the M,, vs.
¢ curve is of sigmoidal shape; if n is very large a “‘critical mi-
celle” concentration is found.)

The analysis of the weight-average molecular weight data was
performed by using the following equation (it is to be noted that
the units of C are mol/L and those of kg are (L/mol”))
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Figure 10. Weight-average molecular weight of azidehemerythrin in

Tris—cacodylate buffer (pH 7.0, / = 0.15, T = 5 °C) plotted against

concentration. The solid curve was calculated by assuming that only

?Ionoqggr and octamer are in equilibrium. From Langerman and
otz.

Moo/ MiCy = 14 84KsCy7 (V-1)

where C is the total molar concentration in monomeric units. This
equation is equivalent to eq l1I-65 for n = 8, with the difference
in the concentration units being taken into account. Earlier
studies had suggested that the hemerythrin system undergoes
self-association according to the scheme monomer-octamer.
The system was assumed to be ideal. Thus, a plot of My,,C/
M;C, against f,C should give a straight line, with the slope of
the line being 64Kjg. The C; may be calculated using eq 11-66 and
the relation In (C4/C) = In f,. A straight line was indeed observed
under these conditions, and the value of Kz from this slope was
found to be 3 X 1038 (L/mol). The M, vs. c values, when cal-
culated by using this value, agreed very well with the experi-
mental values which had been observed at the several solution
concentrations. There will always be some difficulty in per-
forming the integration involved in obtaining either M, (eq II-49)
or In f; (eq II-69), especially when the initial increase In M, is
very sharp.

This problem may be avoided by another analytical approach,
in which an initial K value is taken and the values of M, are
estimated over the entire concentration range by using the
statements

C=Cqi+8BKgCq8 (V-2)

and

Myc) = (M1/C)(C1 + 64K C+8) (V-3)

Such calculations by Langerman and Klotz were repeated until
the best fit was obtained. The Ky value obtained in this way was
3.4 X 10%8 (L/mol)’. This procedure is essentially the same as
the general curve-fitting procedure which was employed by
Visser et al.2 Also substantially the same result might have been
obtained by application of the simpler linear plotting procedure
developed by Kegeles and Rao.#?

Langerman and Klotz have estimated that the error in Kj
caused by a 2% error in C, (or Cfy) is, in this situation, about
100 % . Calculation of the association constant, using eq Ii-66,
gives about 50% error if the error in M, is assumed to be about
1%. This great sensitivity arises, of course, from the high power
of C which is involved. Since the actual raw data for this system
were not available, it was not possible for us to examine the
unigueness of the model of monomer—octamer reaction. How-
ever, introduction of either n = 7 or n = 9 into eq 11-66 gave
values for the association constants which differ from the value
for n = 8 by much more than the estimated errors.

Kim, Deonier, and Williams

C. Adenosine 5'-Triphosphate

As an example of a more complicated three-species system,
we consider the self-association reaction of adenosine 5'-tri-
phosphate (ATP). Ferguson et al.!"" studied self-association of
its disodium salt (Na,ATP) in isotonic saline solutions (0.154
mol/L) at 10, 16, 20, 25, and 30 °C. Their apparent weight-
average molecular weight vs. concentration curves for the two
temperatures, 10 and 20 °C, show discontinuities which are
somewhat more pronounced than for those for the other systems
which have been discussed to this point. The M, vs. ¢ data
indicate that the self-association process goes well beyond the
dimerization stage (M, = 492.7).

The analysis for the stoichiometry was thus made first for a
two-species system. This was carried out by piotting the values
of (1 — fy) against ¢~ 'f," (eq lll-71), with n > 2 after the value
of f; had been obtained by using eq IlI-92. From these plots
(Figure 2 of ref 111), a monomer-n-mer stoichiometry was
excluded. An isodesmic or indefinite association process was
also seemingly eliminated.

Thus, tests for a three-species system and the determination
of the association constants were conducted by using eq 11-86.
It may be rearranged for such a system, to read

{c=cy/et™ = kpm + kyoit™™ (V-4)

If this stoichiometry is correct, the plot of (¢ — ¢4)/¢c4™ vs.
¢4\"~™ ghould give a straight line, and from its intercept and
slope the two association constants may be obtained. The
necessary ¢, values may be obtained by combining the data of
M, M), and In £ (eq I11-97). First BM is evaluated by using
eq llI-97, and then ¢ may be obtained from eq 1I-63 and [I-71.
(Of course, this does not preclude the possibility of some more
general indefinite expression.)

Ferguson et al. recognized the difficulty in the integration
process to obtain f12 (eq II-67), and the integrations were per-
formed from a finite concentration, c*, rather than from ¢ = 0.
The resulting quantity is then

¢ de
In (f2/f,2%) = f (Mi/ M) — 1)?
o

The evaluation of BM; may be made after the introduction of eq
lII-97 into eq V-5 above. Evaluations of the association constants
were made for monomer—dimer—trimer and monomer—dimer—
tetramer cases, using a Monte Carlo method based on eq V-5.
From the fact that the

2 [(F13/ £13% Yopsa — (F13/ £2% )caica)

value for the monomer—dimer—trimer was much smaller than
that for the monomer—dimer-tetramer reaction, it was concluded
that the former mode of association is more nearly the correct
one. The association constant and the virial coefficients are
given in Table V1.

The general curve-fitting procedures for either M, vs. c data
(eq 11-73) or of ¢ vs. r data (eq l1I-39) have not been applied to
this system, and the comparison of several diverse methods is
not possible at the moment.

(V-9)

D. Purine

A seemingly complicated, but none the less mathematically
simple case is the so-called indefinite or isodesmic self-asso-
ciation, provided that equilibrium constants for all of the suc-
cessive steps can be taken to be equal. From osmotic coefficient
determinations, Ts'o et al.''2 had concluded that in aqueous
systems purine and certain other nucleotides associate ac-
cording to a ‘‘stacking’ process in which equal increments of
free energy are involved in the addition of 1 mol of monomer to
any n-mer, a random reaction which involves the principle of
equal reactivity of each molecular species.
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Figure 11. Apparent average molecular weights plotted against molar
concentration for purine in aqueous solution at 24.9 °C. Upper curve;
apparent weight-average molecular weight. The vertical bars show
estimated maximum error at each concentration. The symbols © are
M. values calculated from the deduced equilibrium constant (k) and
virial coefficient (B). The dashed line shows M, vs. ¢, as calculated
from the smoothed curve (solid line) through the M‘:,(C, vs. ¢ data. The
open circles (O) are My, values calculated from k and B. The arrows
show theoretical molecuiar weights for monomer and dimer, respec-
tively. From Van Holde and Rossetti. 16

The subject was further investigated by Van Holde and Ros-
etti,’® using the sedimentation equilibrium method for purine
self-association in solution at the temperatures 4.9, 9.9, 14.9,
19.9, and 24.9 °C. There are presented in Figure 11 represen-
tative plots of M., vs. concentration for the purine solutions at
different initial loading concentrations and at 24.9 °C. From these
and other data it was concluded that (1) a reversible association
takes place since data from different experiments lie upon a
single curve, (2) the reaction goes beyond dimerization stage,
and (3) the system shows nonideality as evidenced by the
downward curvature at very high concentrations. Also the curve
extrapolates well to ¢ = 0 to provide the known monomer mo-
lecular weight of 120.

Since any analysis of these data for a monomer—n-mer re-
action (n > 2) was found to be unsuccessful, it was assumed that
this is a case of indefinite reaction, as had indeed been already
suggested by Ts'o et al.''? Therefore eq |lI-84 was used for the
final numerical analysis. This method involves adjustments of
BM, until a horizontal line is obtained, as is shown by Figure 12.
The vaiue of 1.2 for BM; was taken to be the correct one, and
the intrinsic constants found are k = (2.33 £ 0.05) X 103dL/g
and K = 2.80 £ 0.06 L/mol. The values for k and BM; were in-
troduced into eq 1I-43, ll-44, I1-51, and II-52 to back-calculate the
values of M5, and M;,. It can be seen from Figure 12 that the
experimental and calculated values agree well within experi-
mental error.

Again, eq II-43 (in conjunction with eq I-44) may be used di-
rectly to obtain the value of the intrinsic constant k by a general
curve-fitting procedure. The precision of this quantity so obtained
may be expected to be of the same order as that provided by the
application of the Van Holde and Rosetti method (eq i-84). The
procedures developed by Adams and Lewis'” (eq 111-99) and
Chun et al.%® (eq lI-103) have not been tested in the indefinite
association cases, but they may be expected to give a result of
near-equivalent accuracy. Further, a direct use of ¢ vs. r data
(eq 11-33) may enhance the accuracy.

Although Van Holde and Rosetti did not test for other com-
plicated reaction mechanisms such as monomer-dimer-tri-
mer—tetramer, they point out that their data might be equally well
explained in terms of such reaction mechanisms (cf. also Van
Holde, Rossetti, and Dyson®).
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Figure 12. Graphical determination of k and BM, for purine in agueous
solution at 24.9 °C. Equation IV-7 was used with the following assumed
values of BM;: @, 0.0; @, 1.1; @, 1.2; O, 1.3. From Van Holde and
Rossetti.18

E. Lysozyme (Muramidase)

For obvious reasons this protein has been a popular one to
evaluate the several computational methods by which the self-
association constants are estimated. We cite several of
them.27:35-37.40 Assuming for the present that the predominant
reaction in near-neutral systems is that of a monomer—dimer,
the several values obtained for k, are in quite good overall
agreement, after making allowances for temperature and ionic
strength differences. But, with the present resolving power of
the ultracentrifuge itself and even with the high sensitivity of the
Raleigh optical system, the association seems not to be suffi-
ciently pronounced as to make it possible to differentiate be-
tween several possible stoichiometries: monomer-dimer, mo-
nomer—dimer—trimer, and the isodesmic reactions. In the reports
to which reference has just been made, one usually finds that
a preference has been expressed, with reasons being given to
favor a choice as presented.

Considering the monomer-dimer and isodesmic cases,
Teller*® has made the attempt to set a lower limit for the mag-
nitude of k, below which their differentiation will not be possible.
It turns out that for lysozyme the k, value is just about at the
threshold, but he suggests that a valid choice can be made. The
function M, is available, and more information is to be obtained
from it by giving the derived M, (Wales recursion formula) as
well.

A more detailed summary of several selected individual re-
searchers is now presented. Deonier and Williams®5 used so-
lution conditions of sodium cacodylate buffer at pH 7.0, / = 0.20,
and 25 °C for their study. In all, data from 15 experiments at
different initial concentration are involved. When integration was
required, M;,, values were taken from an interpolation curve
(Figure 1 of ref 55), drawn in such a way that it is continuous and
passes through the average ordinate at those concentrations
for which there were more than two experimental values. Since
the data at very low concentrations were considered to be un-
reliable, the interpolation curve was drawn in this concentration
region in such a way that the ordinate intercept fell at 14 300,
the known monomer molecular weight of the enzyme. The av-
erage deviation of the data from the interpolation curve was
within 1%.

The maximum value of the apparent weight-average molec-
ular weight is appreciably smaller than the molecular weight of
dimer, and it was assumed that only the cases of indefinite re-
action and the monomer-dimer association required consider-
ation. The procedure of Van Holde and Rosetti’® was employed
for the analysis of the supposed indefinite reaction case, using
eq 1-84. The values of k and BM, thus found were 0.200 +
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Figure 13. Apparent weight-average molecular weight of chymo-
trypsinogen A in veronal buffer (pH 7.9, / = 0.03) at 25 °C plotted
against concentration. From Hancock and Williams.98

0.015 and 0.091 dL/g, respectively. The values of M, were
then calculated by using these parameters, and it was found that
the average deviation between these and the experimental
values was about 1%.

For testing the case of the monomer-dimer stoichiometry,
both eq Ii-78 and l1I-80 were applied. The two methods gave the
same values for k, (0.347 + 0.036 dL/g) and for BM; (0.020
dL/g). The values of M, were back-calculated, and the
agreement between the experimental and calculated values was
found again to within about 1%.

Although the calculated M., values obtained for these two
modes of self-association agree with the experimental data
equally well, it should be noted that the virial coefficients ob-
tained for these two cases are quite different. Deonier and
Williams also pointed out that, while the agreement between the
values of 2k and k; at low concentrations is to be expected, it
was difficult to account for the fact that this condition appears
to hold over the entire concentration range.

Milthorpe et al.*? used lysozyme at two initial loading con-
centrations, in solution at pH 6.7, /1, 0.17 (in phosphate buffer),
T = 15 °C, for their experiments to test their method for the
analysis of sedimentation equilibrium data in a self-association
system (cf. p 175). A least-squares estimate gave k, = 0.44 dL/g
and the conclusion that a nonideal monomer-dimer system is
consistent with the experimental data. These resuits are also
consistent with a monomer—dimer—trimer system, but their tests
showed that tetramers and higher oligmers are not formed in
significant amounts. For reasons given, these authors seem to
favor the monomer-dimer-trimer mechanism.

In their analysis of near-neutral systems of lysozyme at pH
6.7, comparable bufter, and T = 15 °C, Adams and Filmer?7 give
k, = 0.44 dL/g, with BM, being taken as —0.04 dL/g. It is,
however, true that there is an appreciable amount of scatter in
the data points of the 1/M;, vs. ¢ plots. Also the method of
computation which was used does not provide a simple means
of fitting the data to the model with simultaneous minimization
of residuals over the complete concentration range. But, even
allowing for the somewhat different set of experimental condi-
tions, the datum of Deonier and Williams at 25 °C, k, = 0.35
dL/g, is not at all inconsistent with the Milthorpe et al. value when
adjustment for the temperature difference is made. In general,
we have reason to feel that some of the earlier data, even those
obtained by using the early Steiner—Adams approaches (where
an integration step is involved), compare favorably in precision
with the newer ones of Milthorpe et al.

F. Chymotrypsinogen A

The investigation of the self-association behavior of chymo-
trypsinogen A by Hancock and Williams®® was conducted in a

Kim, Deonier, and Williams

veronal buffer system, pH 7.9, / = 0.03 at 25 °C. The more re-
cent study of Tung and Steiner '3 utilized a barbital buffer of pH
8.1, /= 0.021 at 7 °C. The apparent weight-average molecular
weight data for the former are presented in graphical form in
Figure 13 and will be considered to be representative in the
following discussion. Since there is no indication of a leveling-off
of this curve at the high concentrations, it was assumed that the
association must proceed beyond the dimerization stage. Two
tests were made, one for the indefinite reaction and the other
for monomer—dimer—trimer stoichiometry.

For the indefinite reaction mechanism, eq 111-99 was used first
to evaluate the quantity BM, by using a successive approxi-
mation method.'” The use of eq II-51 and eq II-52 then provides
the value of k. The numerical quantities thus obtained were k
= 0.50 £ 0.061dL/gand BM; = 4.0 dL/qg. It is to be noted that
the scatter in k is about 1.2%.

For the monomer—dimer~trimer association, the value of BM;
was first calculated by a successive approximation method, eq
1I-97. Then, use of eq II-71, 11I-86, and lil-95 (m = 2, n = 3) gave
data for ko and k3. The final values so obtained were k, = 0.908
£ 0.030dL/g, k3 = 0.844 £ 0.032 dL/g, and BM; = —0.01 dL/qg.
The random errors are 3.3% for k, and 3.8% for ka.

When the two distinct sets of equilibrium constant and virial
coefficient data were applied in the computations required to
give values of M;/M;, as a function of concentration which
correspond to the two mechanisms, a satisfactory agreement
between the experimentally observed and calculated values of
M/ M., was obtained in both instances. The monomer mo-
lecular weight was assumed to be 25 600.

Again the values of BM for two different modes of association
are quite different; actually a small negative value is found to
account for the monomer—dimer-trimer reaction data. It may
also be noticed that the agreement between calculated and
experimental values for M/ Mg, is slightly better for the random
stoichiometry. Furthermore, there is a smaller random error in
the intrinsic association constant.

The emphasis of the Tung and Steiner article''® is on the
presentation of a general method to analyze nonideal self-as-
sociation system which does not require a prior assumption as
to model, with this reaction of chymotrypsinogen A in solution
having been selected as the test system. The solution conditions
were pH 8.14, / = 0.021, and T = 7 °C. Because of the appre-
ciable difference in the temperature used in the two laboratories,
a simple direct comparison between the k and BM, data from
the two laboratories is not possible.

The three cases (purine, lysozyme, and chymotrypsinogen
A) are alike in that a clear-cut differentiation between two (or
more) mechanisms of self-association is difficult, but the pre-
ponderance of the present data of the literature seem to favor
the isodesmic reaction. In such situations the cause of the un-
certainty seems to be more a matter of the resolving power of
the ultracentrifuge than limitations of either theory or compu-
tational methods. The sensitivity of the optical system is another
important consideration. If the amounts of any of the succes-
sively higher oligomers are beyond detection, k, =~ 2k. This fact
is well illustrated by Chun and Kim (Figure 2 of ref 38) in which
it appears that in M)/ My vs. f; plots, the curves for the mo-
nomer—-dimer and the indefinite stoichiometries (lysozyme)
approach each other tangentially as f{ — 1. For the chymo-
trypsinogen A it will be noted that the relationships between the
numerical values of k, k,, and k3 are all consistent with the
random mechanism, a necessary condition for the establishment
of the isodesmic reaction mechanism.

In general, if the association is weak and monomer and dimer
are the dominant species over the accessible concentration
range, it will be difficult at best to distinguish between a limited
discrete association and one of the isodesmic type. Van Holde
et al.? have shown that, if at the highest solute concentration
used species larger than dimer constitute but a few per cent of
the equilibrium mixture, their contribution to the data will be so
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small that any one of the simpler mechanisms will appear to be
indicated.

VI. Approach to a Physical Picture: The
Thermodynamic Interpretation of the
Equilibrium Constants

A. General Considerations

So far we have been concerned with obtaining accurate in-
formation about the stoichiometry of self-association reactions
and the corresponding association constants. The stoichiometry
is a foundation upon which knowledge from other studies may
be combined in order to elucidate the overall configuration of
the oligomer. The association constants, under favorable cir-
cumstances, will give information as to the nature of the asso-
ciation reaction. It is this situation which remains for brief con-
sideration.

The first step toward this goal is to obtain the Gibbs free en-
ergy for the reaction by using eq 1-10 after proper adjustment
for concentration scale is made (eq [I-20). The free energy thus
provided has several components which derive from different
sources. They can be described as being work done to bring the
charged particles together, the result of direct interaction be-
tween the particle surfaces themselves, changes in monomer
structure, reduction of particle numbers, etc. Thus a number of
complex problems are involved. Found in the literature of today
are accounts only of beginning attempts to achieve quantitative
descriptions of the component parts, and it is felt to be premature
in time to attempt any definite comments about them.

For attempts to precalculate a numerical value of BMy, the
comprehensive McMillan and Mayer''* thermodynamical
treatment of multicomponent systems had provided the means
for the Stigter and Hill''® treatment of the osmotic pressure of
an electrolyte system which contains added charged macro-
molecules and at Donnan equilibrium. The large molecules were
assumed to have the form of uniformly charged spheres. To
compute the effect of the electrostatic interaction between two
colloid particles in the system, expressions first written down
by Vervey and Overbeek''® were applied.

In their application of the Stigter-Hill result to the self-asso-
ciation reaction of chymotrypsinogen A, Tung and Steiner''3
have indicated how one goes about to compute the BM; value
and have compared their result with that taken from their sedi-
mentation equilibrium data for the protein in solution. The two
values, theory and experiment, differ by a factor of approximately
2, with the latter figure being the larger.

B. Effect of Solvent Composition on the Self-
Association Reactions

Many types of protein reactions, including the self-associa-
tions, depend on variations in solvent composition such as pH
and the concentration of added solutes. A general thermody-
namic formalism of such linked functions has been given by
Wyman. "7 The dependence of equilibrium constant, or the free
energy change, AG?, on the solvent composition may be ex-
pressed in general form as

O(AG?)

o 52 o,
H Ay, ax

+ [——O(AGE)} du, + [O(AGB)} duy  (VI-1)
aux aw,aH a/.Lw ax.aH
or
oInK olnK
inK=
din (b n aH) aw,axd In &+ <b In ax> aw.an
o InK )
X dinay -
na,+ <O n 2w/ e Inay, (VI-2)
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In these equations AG? is the molar free energy change due to
the direct interaction between particle surfaces, u is the
chemical potential, and a represents the activity of the several
components. The quantities H, w, and x are proton, water, and
added solute, respectively. This added solute is commonly a low
molecular weight compound. Wyman has shown that

b(AGa)] <a In K) ~
= = A7,
Ou; Jajax O In a;/ ajax
where AP, is the difference in the number of bound components
i per monomer between the n-mer and the monomer.
If the association constant is obtained as a function of pH with
the concentration of added solute remaining fixed,
din K < OInK > -
= = Aby
dlIn ay 0 In an/ aw.ax

(VI-3)

(VI-4)

since it is expected that
dinay/dinay =~ 0

On the other hand, if the concentration of added solute is
changed while maintaining the pH constant

dInK_<aInK) +<bInK> dIn ay
dIn ay 0 In a,/ aw.an O In ay/ axan din a,
For ditute solutions, the second term of the right-hand side of eq
VI-5 is negligible and
dinK <b in K> -
= = AVx
dIn ax 0 Ina,/ awan
For a system with high concentration of added solute, this ap-
proximation is not valid; Tanford''® has extended Wyman’s
treatment to this case. The relation between d In a,, and d In a,

for the system under consideration may be obtained by using the
Gibbs-Duhem equation

(VI-5)

(VI-6)

dlna, = —(m/ny)dina,— (na/ny)dinax  (VI-7)

where na, Ny, and n, designate the total number of moles of
macromolecule (A), ligand (x), and water (w) in the solution.
When the molar concentration of protein is small, eq VI-7 may
be approximated to obtain

dina, = —(n/ny) din a, (VI-8)
Introduction of eq V1-3 and VI-8 into eq VI-5 gives
T, = A% = 7% a7,
and from this statement
dIn K/d In a, = AD, — (mJ/ My)ADy (VI-9)

where m; is the molarity of component /. Thus eq Vi-9 suggests
that the dependence of association constant on the concentra-
tion of added solute may be caused by the binding of the solute
to protein as well as by its influence on the hydration of the
protein.

Since the value ot AP, is due to the change in the equilibrium
constants between a ligand and the protein, in principle it should
be possible to relate them. However, since there is generally
a large number of groups on the protein molecule which form
complexes with the ligand, a general expression to account for
this effect is not practical. Thus it is usually assumed that the A,
are predominantly determined by a very small number of groups
which are directly involved in the association reaction.!'9-129
If there are only two such groups, then for a monomer-n-mer
system:

Alj,' = na,; nai _ nai _ nai
aitkin atke, atki a+tksy
(V1-10)

Here k4, and ko, , represent the equilibrium constants between
the ligand and the groups 1 and 2 on the n-mer, respectively, and
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121‘1 and 122,1 designate the corresponding quantities for the
monomer. Thus, from eq VI-4, Vi-6, and V-10, it is possible to
obtain the association constant between ligand and protein. By
comparing these values with known values from other studies,
it may be possible to identify the amino acid groups involved in
the self-association of the protein. This is most successful for
the case where the ligand is a proton; this will be the subject of
the following discussion.

1. Dependence of Self-Association on pH:
Dimerization of o.-Chymotrypsin

Egan et al.’?" studied the dimerization reaction of a-chymo-
trypsin as a function of pH at 20 °C, using the sedimentation
transport method. It was found that the pH dependence of s, 4
follows roughly a bell-shaped curve and that the maximum value
of the sedimentation coefficient appears at about pH 4. Later,
Aune and Timasheff'2? have made extensive sedimentation
equilibrium observations as a function of pH to obtain association
constant data for the dimerization process (cf. Figure 3 of ref
120). Here again a bell-shaped curve was found with the maxi-
mum value of In ko near pH 4. This type of pH dependence
suggests that the self-association is at least in part due to the
interaction of two ionizing groups for which the maximum value
of their association constants is located near the mean pK value
of these ionizing groups. Noting that the maximum absolute value
of Ay deduced from the negative slope in their Figure 3 is 1.5,
these workers assumed that only two ionizing groups are in-
volved. The pK values of these two groups were then obtained
by the application of a curve-fitting process to the data into the
expression

(14 au/ky2)(1 + an/kz.2)
(1 an/ky, (1 + aw/ka,q)
(VI-11)

NK=InK{pH=0)+2In

Equation VI-11 was obtained by integrating eq VI-4, following
the insertion of eq VI-10 for the case of a dimerization reaction.
The results are given in Table VIII. The k° in this table are the
values corrected for the long-range electrostatic effect.

As was pointed out by these authors, these results, Table VIII,
are based on rather drastic approximations. However, the values
presented are considered to be adequate to assign the reaction
site to particular ionizing groups of the protein. They concluded
that (a) the shift in pk values shown in the table suggests that a
cationic group interacts directly with an anionic group; (b) con-
sidering the pH range, the most likely groups involved are a
terminal or side-chain carboxyl and the imidazole group of his-
tidine side chain; and (c) since the calculated values, using eq
VI-11, agree well with the experimental points as shown in Figure
3 of ref 120, there is no need to consider other groups to be in-
volved in the dimerization mechanism. From the study of inter-
and intracharge interactions and using the atomic coordinates
(x ray) of a-chymotrypsin as obtained by Birktoft et al.,22 Aune
and Timasheff suggested that interaction between the histidine
57 and the a-carboxyl group of tyrosine 146 is directly involved
in the dimerization. This is perhaps the first time in which the
results from sedimentation equilibrium and x-ray crystallographic
studies for a self-associating protein have been combined to
assign the particular amino acid groups which are directly in-
volved.

2. Dependence of Self-Association Reactions on
Electrolytes at High Concentrations

Unlike the studies of the pH dependence of a self-association
reaction, the work on the dependence of the reaction on the salt
(or other solute) concentration cannot be used for the identifi-
cation of the amino acid groups participating in the reaction. For
one thing, eq VI-9 contains two unknowns and therefore it is not
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TABLE Vill. pK’s of Groups Involved in Dimerization of a-
Chymotrypsin

pK2 pKi pK2° pK;°
6.2 5.0 6.2 5.2
2.4 3.6 2.2 45

possible to obtain either Av, or Ab,, with accuracy. Even if these
quantities were known, it would be very difficult to identify the
sites which contribute. Apparently, only some qualitative in-
formation may be derived from this kind of study. The most de-
tailed investigation for the effect of salt concentration on an
association reaction has been carried out by Aune et al.’23 They
had observed that the self-association of this protein is enhanced
by an increase in ionic strength, other things being equal.
Steiner 124 found that the calculated vaiue of the work done to
bring the charged particles together decreased with increasing
ionic strength. He then suggested that the increase in the as-
sociation constant is due to the nonspecific effect of decreasing
the unfavorable electrostatic repulsions. It was observed by Aune
et al. that the In K are all dependent on the nature of the salt
which is present. Plots of In K against the logarithm of the ion-
pair activity gave curves which approximate a straight line.

Aune et al. noted that the values of (d In K/d In a,) at pH 4.1
are about 1.0 in NaCl solution and 0.5 in CaCl, solution. They
suggested that a change in ion binding to the protein should make
these values larger than two, because of the symmetrical
structure of the dimer, unless the vaiue of AD,, is positive. From
the fact that the sedimentation coefficient of this protein in D,0O
is larger than in H,O they concluded that AJ,, is negative. In their
judgment, then, no change in specific ion binding is involved but
rather the observed values of (d In K/d In a,) are suggestive of
the release of hydrated water upon dimerization which, in turn,
indicates that a hydrophobic interaction takes part in the asso-
ciation of a-chymotrypsin monomers. These workers then
performed sedimentation transport and sedimentation equilib-
rium experiments in solutions of NaClO, and Na,SO, which are
near the extremes of the Hofmeister series. It is believed that
perchlorate ion salts out hydrophobic groups less effectively than
do sulfate ion salts.'25-126 From this fact it is to be expected that
the sedimentation coefficient of a-chymotrypsin in an Na,SO,4
system should be larger than that in NaCiO, solution. Actual
experiment shows that the reverse order obtains, indicating that
these electrolytes cannot act only in the hydrophobic regions.
It was suggested that these electrolytes influence the interaction
between charged groups in protein and water molecules as
well.

There is no other system of which we are aware for which a
record of extensive studies of the effect of salt concentration
on the self-association is available. It is interesting to note that
the association of chymotrypsinogen A is enhanced by a de-
crease in ionic strength near the isoelectric point.'?” This was
interpreted to mean that electrostatic interaction is an important
factor in the dimerization.

C. Effects of Temperature: Enthalpy and Entropy
of Self-Association

If the values of association constants are determined as a
function of temperature, one may be able to calculate the en-
tropy change, AS°, and the enthalpy change, AH°, from the
following expression

AG® = —RTInK; = AH®° — TAS® (VI-12)
which upon rearrangement becomes
AH®  AS°
InK,= —+ -
[ AT ) (VI-13)

It should be noted that both AS® and AH® are sums of several
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contributions, as is the case for AG®. A plot of In K against 1/T
should give a straight line if the entropy and enthalpy of an as-
sociation reaction are constants within the temperature range
studied. 1t is from the intercept and the slope of this plot that the
two thermodynamic parameters are calculated. For certain
systems such as a-chymotrypsin the plot of In K'vs. 1/T curve
is not strictly linear and thus neither AH°® nor AS® can be con-
sidered as being independent of temperature. In such situations,
then, the association reaction has a significant effect on the
partial molal heat capacity of the protein AC,, as shown by the
expression

6AH/O0T = TOAS®/0T = AC, (VI-14)

1. Theoretical Values of AH® and AS°

The most important interactions involved in protein self-
association reactions are (a) electrostatic interactions between
negatively charged side chains on one protein with positively
charged side chains on the others, (b) hydrogen bonds, and (c)
hydrophobic interactions. The enthalpies characteristic of
electrostatic interactions are negative and large. The enthalpy
for the side chain hydrogen bond surrounded entirely by nonpolar
groups is estimated to be about —6 kcal/mol and for the groups
exposed to water it has a value of —1.5 kcal/mol.'28 The en-
thalpy for the interaction between two nonpolar side chains
ranges between +0.3 to +1.8 kcal/mol.

2. Experimental Values

We have assembled in Table IX a few of the experimental
values of these thermodynamic parameters for the three (5-
lactoglobulins and ATP. The interpretation of these parameters
in terms of the association mechanism is difficult because
corrections for the charge repulsion have not been made. It is
of interest to note that for 3-A at the isoelectric point (pH 5.2)
the AS° is positive, indicating the participation of the hydro-
phobic interactions in the association reaction. Unlike the sys-
tems for which data are presented in this table, for a-chymo-
trypsin, the plot of In K vs. 1/T is not linear. Since a positive
change in enthalpy and entropy is expected when a hydrophobic
interaction is an important factor for a self-association reaction,
Aune et al.’?® have suggested that this factor must be also
considered in the dimerization of «-chymotrypsin (Table | of ref
123); electrostatic interaction alone is insufficient to account
for the observations. The interpretation of the thermodynamic
parameters for any protein system is still a hazardous task be-
cause of a large number of uncertainties in the isolation of a local
effect from the overall effect of association. Since the associ-
ation seems to involve the cooperative effect of several factors,
an understanding of the mechanism will presumably require
experiments under a very large number of solvent conditions.

VIl. Concluding Remarks

In bringing this survey to a close, we may note that the theo-
retical development of the analytical procedures for use with
the sedimentation equilibrium data in a protein self-associating
system has reached a reasonably high degree of sophistication.
Of the general methods to obtain both the association constants
and the virial coefficient (usually necessary) those based upon
the direct use of the concentration as a function of radial distance
in the cell at equilibrium seem to be preferred, though they have
not as yet been fully exploited. However, there are situations
where it is apparently essential to use data for the average
molecular weight at fixed points vs. the corresponding con-
centrations along the cell to describe the stoichiometry of the
reaction, for instance, to learn whether a pressure effect on the
equilibrium constant is present.

With proper care and under favorable circumstances quite
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TABLE IX. Thermodynamic Parameters of Some Self-Association
Reactions

AHC, AS®,
System Reaction  pH ! kcal/mol  eu Ref
B-Lactoglobulin A 1-2 2.46 0.1 —17.1  —421 107
B-Lactoglobulin B 1-2 264 016 —10.4 —150 23
B-Lactoglobulin C 1-2 246 041 -16.5 -—383 107
246 0.2 —8.6 —8.5 107
ATP 1-2 —14.9 —416 111
-3 -10.8 =13.0 111

satisfactory values for the thermodynamic parameters of interest
can be obtained. However, the interpretation of these quantities
in terms of a detailed and unambiguous association mechanism
remains a difficult task. Success in such an operation depends
first of all on the quality of the experimental data. Involved are
the resolving power of the ultracentrifuge and the sensitivity of
its optical system. It is not likely that the machine itself will be
much improved in resolving power in the immediate future but
it is obvious that the adaptation of the Rayleigh optical system
to observe the redistribution of the reaction system at equilibrium
was a step which made possible the recent explosive devel-
opment of our subject. It appears that later on a real advantage
may accrue to the use of laser light sources for they produce
improved fringe quality and they allow the performance of ex-
periments at higher solute concentrations. Further, the use of
averaging techniques is continually being advanced.

Although it is perhaps an ancillary subject for a report of this
kind, very brief consideration has been given to the study of the
forces involved in the self-association process. It is a subject
of considerable significance in the overall picture, but it is one
which is hardly ready for definitive survey. The relative contri-
butions of the several types of forces involved in the reactions
are difficult to separate and evaluate. In addition to the use of
the traditional methods of exploitation, e.g., changes in the
conditions of solution, resort may be taken to the use of model
compounds and of local chemical modifications of the protein
which is to be the subject of the experimental study. With the
experience and information gained in their application, ways may
be indicated by which the nature and quantitative measure of
these several forces can be delineated so to aid in the eventual
more definitive description of the reaction mechanisms them-
selves.
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